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Superior scalability and performance of message passing algorithms enable new

real-time applications of multitarget tracking with resource-limited devices.
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ABSTRACT | Situation-aware technologies enabled by multi-
target tracking will lead to new services and applications in
fields such as autonomous driving, indoor localization, robotic
networks, and crowd counting. In this tutorial paper, we advo-
cate a recently proposed paradigm for scalable multitarget
tracking that is based on message passing or, more concretely,
the loopy sum-product algorithm. This approach has
advantages regarding estimation accuracy, computational com-
plexity, and implementation flexibility. Most importantly, it pro-
vides a highly effective, efficient, and scalable solution to the
probabilistic data association problem, a major challenge in
multitarget tracking. This fact makes it attractive for emerging
applications requiring real-time operation on resource-limited
devices. In addition, the message passing approach is intuitive-
ly appealing and suited to nonlinear and non-Gaussian models.
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We present message-passing-based multitarget tracking
methods for single-sensor and multiple-sensor scenarios,
and for a known and unknown number of targets. The pre-
sented methods can cope with clutter, missed detections,
and an unknown association between targets and measure-
ments. We also discuss the integration of message-passing-
based probabilistic data association into existing multitarget
tracking methods. The superior performance, low complexi-
ty, and attractive scaling properties of the presented meth-
ods are verified numerically. In addition to simulated data,
we use measured data captured by two radar stations with
overlapping fields-of-view observing a large number of tar-
gets simultaneously.

KEYWORDS | Data association; data fusion; factor graph;
message passing; multitarget tracking; sum-productalgorithm

I. INTRODUCTION

A new era of real-time pervasive situational awareness
will be enabled by emerging inexpensive sensors and scal-
able data fusion algorithms. Situation-aware technolo-
gies are key to innovative products and services that are
profoundly changing various aspects of our daily life. For
example, safe autonomous navigation is based on a clear
understanding of static and mobile objects in the environ-
ment. Multitarget tracking (MTT) can infer the states of
these objects (or “targets”) from measurements provided
by one or more sensors even if their number is unknown
[1]-[4]. The state of a target usually includes its posi-
tion and possibly other quantities such as its velocity. A
complicating factor in many MTT applications is the
measurement origin uncertainty or data association (DA)
problem, i.e., the unknown association of measurements
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with targets. Since the first MTT methods were introduced
for aerospace surveillance some 40 years ago [5], [6], the field
has experienced an intense development, and MTT methods
have proven useful in further surveillance scenarios [7]-[9]
as well as in biomedical analytics [10]-[12]. Emerging MTT
applications such as autonomous driving [13]-[15], indoor
localization [16]-[18], robotic networks [19]-[21],
crowd counting [22]-[24] are especially challenging since
they require real-time operation on resource-limited devices.

and

A. The Message Passing Approach to Multitarget
Tracking

The existing MTT methods can be grouped in two broad
categories that may be referred to as “vector-type” and “set-
type” methods. The former describe the multitarget states
and measurements as random vectors [1], whereas the latter
describe the multitarget states and measurements by random
finite sets (RFSs) [3]. Many of these MTT methods have a high
complexity and do not scale well with relevant system param-
eters. Thus, they are often impractical for applications involv-
ing a large number of inexpensive sensors and/or targets.

Here, we demonstrate that MTT methods with low
complexity and good scalability can be obtained by using
the methodology of message passing, also known as belief
propagation, or, more concretely, the sum—product algo-
rithm (SPA). The SPA provides a principled approximation
of optimum Bayesian inference that achieves an attrac-
tive performance-complexity compromise [25]-[33]. It is
intuitively appealing, suited to nonlinear and non-Gaussian
system models, and able to cope with unknown and time-
varying hyperparameters.

In the last 25 years, message passing has been success-
fully used in many applications including iterative decod-
ing of channel codes [34]-[37], communication receivers
[38]-[40], and cooperative localization [41]-[43]. Early
work on message passing in the context of MTT [44]-[47]
focused on the calculation of “hard” measurement-to-
target associations using the max-product algorithm.
Only recently it was discovered that the “loopy” SPA is
particularly attractive for MTT [48]-[55]. More specifi-
cally, the loopy SPA approach to MTT has the following
advantages:

+ it enables an efficient calculation of association prob-
abilities for “soft” measurement-target associations;

+ it provides a principled, general technique for deriv-
ing MTT methods within the Bayesian inference
framework;

+ it generalizes previously proposed MTT methods such
as the joint probabilistic data-association (JPDA) filter;

+ it enables the development of scalable MTT meth-
ods that are suitable for scenarios involving a
large number of targets and/or sensors and/or
measurements.
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B. Contributions, Paper Organization, Notation

This tutorial paper presents SPA-based methods for
MTT and discusses their properties and advantages in rela-
tion to other MTT methods. We will present three distinct
types of SPA-based MTT methods: 1) vector-type methods
for a known, fixed number of targets; 2) vector-type meth-
ods for an unknown, time-varying number of targets; and
3) set-type methods for an unknown, time-varying number
of targets.

The paper’s main contributions and organization are as
follows. In the remainder of this section, we introduce some
basic notation and formulate certain assumptions that are
common to all presented methods. In Section II, we survey
existing MTT methods. An introduction to factor graphs
and the SPA is given in Section III. Section IV describes a
vector-type system model and a corresponding statistical
formulation for the case where the number of targets is
fixed and known. The corresponding posterior distributions
and their graphical representation using factor graphs are
derived in Section V. Section VI discusses the solution of the
probabilistic DA problem using the loopy SPA. In Section
VII, SPA-based methods for vector-type MTT are presented
for the case of a known, fixed number of targets. Section
VIII describes a vector-type system model, statistical for-
mulation, and factor graph for the case where the number
of targets is time-varying and unknown. For that case, new
SPA-based methods for vector-type MTT are developed in
Section IX. Section X commences our treatment of set-type
MTT methods by giving an introduction to RFSs. In Section
XI, we describe a set-type system model and a correspond-
ing statistical formulation. Section XII develops multitarget
state propagation relations for the set-type system model.
Building on these relations, Section XIII derives SPA-based
methods for set-type MTT. In Section XIV, we evaluate the
performance and complexity of the presented SPA-based
MTT methods in comparison to state-of-the-art meth-
ods. In addition to simulated data, we use measured data
acquired by two radar stations observing a large number of
targets simultaneously. Our results demonstrate substantial
advantages—regarding both performance and complexity—
of SPA-based methods over other methods.

We will use the following basic notation. Random vari-
ables are displayed in sans serif, upright fonts; their realiza-
tions in serif, italic fonts. Vectors and matrices are denoted
by bold lowercase and uppercase letters, respectively. For
example, x is a random variable and x is its realization, and x
is a random vector and x is its realization. Random sets and
their realizations are denoted by upright sans serif and cal-
ligraphic font, respectively. For example, X is a random set
and X is its realization. The expectation of a random vari-
able or random vector is denoted by E{}. The probability
of an event is denoted by P{.}. We denote probability den-
sity functions (pdfs) as f(-) and probability mass functions
(pmfs) as p(-). We write k for the discrete time index, i for
the index of a target, m for the index of a measurement, and
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s for the index of a sensor. Integrals are over the entire space
of the integration variable. The symbol « indicates equality
up to a constant factor. A consecutive list of i integers, i.e.,
1,2,...,i, is briefly denoted as 1, ...,i.

C. Basic Assumptions

We consider scenarios where in order to reduce the data
flow of the sensors and the overall complexity, measure-
ments are produced by a detector performing a threshold-
ing and, possibly, some further preparatory processing of
the raw sensor data [1]. The measurement corresponding to
a target can be missed by the detector if its signal-to-noise
ratio is below the detection threshold. Another premise is
that both the targets and the measurements are “points”
and, at any particular time, at most one detection can be due
to any particular target [1]. There is a measurement origin
uncertainty, i.e., it is unknown which measurement origi-
nated from which target, or if a measurement is a false alarm
(due to clutter). This leads to a nontrivial DA problem.

In the following, we state some basic assumptions under-
lying both the vector-type and set-type MTT methods to be
presented. At (discrete) time k, there are i), targetsi € {1,...,
i}, }. The state xg) of the ith target at time k consists of the
position of the target and possibly further parameters, and
it is a random vector of dimension d,, i.e., xg) € R%. There
are ngsensors s € {1,...,n }. At time k, sensor s produces m,,
measurements zg's'), me{l,..., M. }. Each measurement is
a random vector of dimension d,, i.e., z,(g"';) e R%. We make
the following further assumptions [1].

Al) The multitarget state (defined as an ordered or
unordered list of all the single-target states XS))
evolves according to a first-order Markov process.

A2) The single-target states xg) evolve independently.

The evolution of state x(ki) is described by the single-

target state-transition pdf f (X]gi) |X,§‘_)1)

A3) The measurements z,(z"';) produced by sensor s at

time k have no order, i.e., they are randomly

shuffled.

A4) Each measurement zgfs') originates from a target

or from clutter (false alarm), and it cannot origi-

nate from more than one target simultaneously.

Conversely, at time k, one target can generate at

most one measurement zg's’)

The a priori probability that a measurement origi-

nates from target i (i.e., that sensor s “detects target

at sensor s.
A5)

i” at time k) is independent across the targets i and
a known function of the target state X,(P, denoted
as p§) (x{). Consequently, the probability that no
measurement originates from target i (i.e., that sen-
sor s “misses target i” at time k) is 1 — p{ (xD). We
assume that 0 < p§’ (x{V) < 1.

The number of clutter measurements at sensor s
and time k is Poisson distributed with mean ,uc(s).

A6)

It is furthermore independent across the sensors s
and independent of the number of targets that are
detected at sensor s.
A7) At sensor s and time k, the clutter measure-
ments are independent of the target-originated
measurements.
A8) The clutter measurements at sensor s and time k
are independent and identically distributed (iid)
with pdf f& (z{™) # 0.
At sensor s and time k, given all the target states

0,

~

A9

~—

the target-originated measurements are con-
ditionally independent of each other and also
conditionally independent of all the clutter meas-
urements. Furthermore, a target-originated meas-
urement z,(:sl), given the respective target state XS),
is distributed according to f (z,(:sl) |xg>).

A10) At time k, the measurements of different sensors s

are conditionally independent given all the target

states Xg) . (Here, the measurement of sensor s at

time k is defined as a randomly ordered list or a set

of all the single measurements z,(;'s‘).)

All) Attime k, given all the target states x,(;'), the meas-
urements zg";) are conditionally independent of all

m

the past and future measurements zif S) and target
states xg), k'# k.

ITI. SURVEY OF STATE-OF-THE-ART
METHODS

The basic setting of most MTT methods is sequential
Bayesian estimation (or “filtering”) [56], which consists
of a prediction step based on the Chapman-Kolmogorov

equation
f(®| z1-1) = /f(Xk | %) f (%1 | Z110-1) x5y @
and an update step based on Bayes’ rule
[ 213) < (21| %) f (% | Z1.4-1)- @

Here, x, is the state of a single target and z, is a corre-
sponding measurement, both at time k, and zy.;, is short for
[z]-z.]". Based on the posterior pdf f(x,|z.,), Bayesian
state estimation can be performed, e.g., by means of the
minimum mean square error (MMSE) estimator [57]

ME2 [ (x| 21 dx. ©)
The Kalman filter [58] exploits the fact that for linear-
Gaussian system models, the operations (1) and (2) can be
performed in closed form. For nonlinear/non-Gaussian sys-
tem models, computationally feasible approximate methods
for sequential Bayesian estimation include the extended
Kalman filter [58], the unscented Kalman filter [59], the
Gaussian sum filter [60], and the particle filter [56], [61].
However, all these methods assume that the number of
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targets and the association between targets and measure-
ments are known. Next, we discuss Bayesian methods for
MTT that do not require knowledge of the association
between targets and measurements.

A. Vector-Type MTT Methods

Vector-type MTT methods describe the multitarget
states and measurements by random vectors. They are able
to explicitly maintain track continuity, i.e., they associate a
state estimate with a previous state estimate or declare the
appearance of a new target. Many vector-type methods use
heuristics to take into account the appearance and disap-
pearance of targets [1]. Others model the discovery of new
targets but not target disappearance [6], [62], or use target
existence states to capture target disappearance while lack-
ing a fully Bayesian approach to initiating tracks based on
measurements [63]-[65].

1) Methods Based on Probabilistic DA: Probabilistic DA
(PDA) methods for single-target tracking treat the DA
parameter as a nuisance variable that is “marginalized out”
[1, Sec. 3.4]. The PDA filter subsequently fits a Gaussian
pdf to the resulting posterior target state pdf, whereas other
methods (e.g., [66]) retain a more detailed representation.
Joint PDA (JPDA) extends PDA to the case of multiple
targets [1, Sec. 6.2]. The joint association parameters are
marginalized out under the constraint that each measure-
ment relates to at most one target. Like PDA, JPDA then
fits a Gaussian pdf to the posterior state pdf for each target,
whereas methods such as [67] retain a Gaussian mixture
distribution.

JPDA assumes that the number of targets is known.
This limitation is removed in joint integrated PDA (JIPDA)
[2], [64], which extends JPDA to incorporate a probability
of target existence. Target existence is modeled as a binary
Markov chain, and new target tracks are initialized based on
measurements that are not in the neighborhood (the “gate”)
of an existing track. A similar model along with a parti-
cle filter implementation was presented in [65]. A second
limitation of JPDA, the high computational complexity of
summing over all the joint associations, has been addressed
by various heuristic approximations [68]-[70], by effi-
cient hypothesis management [71], [72], or by using likely
measurement-target associations to find approximations of
the marginal posterior state pdfs [73], [74]. A third limita-
tion, known as coalescence, arises when targets become
closely spaced and the filter is no longer aware which target
is in which position. As a result, the marginal pdfs become
strongly multimodal. Possible solutions include a pruning of
the association hypotheses [75], [76] and approximate cal-
culation of marginal pdfs via optimization of information-
theoretic measures [77], [78] or the use of mean-field for-
mulations [79], [80].

Multisensor extensions of MTT filters based on JPDA
were presented in [81] and [82]. The measurements of
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different sensors are either processed in a sequential
manner—known as the “iterated-corrector” approach—or
in parallel. The performance of sequential processing may
strongly depend on the order in which the measurements
are processed.

2) MHT Methods: Multiple hypothesis tracking (MHT)
methods seek to find the most likely measurement-target
association over a sliding window of consecutive time steps
[6]. A decision is made only on the association at the old-
est time step. The original MHT formulation [6]—known
as hypothesis-oriented MHT—forms an expanding tree of
association hypotheses, where each leaf represents a parti-
tioning of all the measurements acquired until the current
time into subsets believed to correspond to the same tar-
get. The computational complexity is problematic but can
be reduced by considering only likely hypotheses, which
are identified by an efficient m-best assignment algorithm
[83]-[86]. The more efficient track-oriented MHT methods
[87]-[89] represent global association hypotheses—i.e., for
all targets and measurements—implicitly via a series of tree
structures. Each tree structure represents the possible asso-
ciation histories for a single target. The most likely hypoth-
esis is found by choosing a leaf node for each single-target
tree. An enumeration of hypotheses is avoided through com-
binatorial optimization techniques [90]-[93].

The original MHT formulation in [6] assumes a Poisson
distribution of the number of newly detected targets.
Calculations are simplified by disregarding targets that
have not been detected so far. This idea is refined in [62],
which assumes a fixed but unknown number of targets,
with a Poisson prior, and in [94], which accommodates an
unknown, time-varying number of targets. We note that
MHT methods can also be derived in the set framework [95].

Multisensor MHT methods include iterated-corrector
versions performing a sequential processing of the measure-
ments [96], and versions that perform a parallel processing
of the measurements by solving a multidimensional assign-
ment problem [91]. In the multistage MHT approach [96], a
first MHT stage is used for each sensor individually to reject
clutter measurements, and a second MHT stage processes
all the measurements using the iterated-corrector principle.

A key challenge in MHT methods is to retain sufficiently
diverse association hypotheses until clarifying information
is received. Graph-based methods have been proposed as an
alternative solution to this problem in circumstances where
association likelihoods are well approximated as Markovian
[97], [98]. In [99] and [100], these methods have been
adapted to problems in which sporadic identity information
is available.

B. Set-Type MTT Methods

Set-type MTT methods describe the multitarget states
and measurements by RFSs [3]. (An introduction to RFSs
will be given in Section X.) The RFS approach facilitates
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the modeling of target appearance and disappearance in a
Bayesian setting, and introduces tools for handling complex,
hybrid continuous/discrete distributions. Some set-type
methods are unable to maintain track continuity [3], [78],
[101]-[106], others maintain it implicitly [51], [107], and
yet others maintain it explicitly by augmenting the states by
distinct labels [108], [109].

1) PHD Filter and CPHD Filter: The probability
hypothesis density (PHD) filter [106], [110] approxi-
mates the predicted posterior pdf of the target states,
f(Xk|Z1.k-1), by a Poisson RFS pdf. The intensity func-
tion (also known as PHD) of that Poisson RFS is chosen
such that the RFS Kullback-Leibler divergence relative to
f(Xk| Z1.1-1) is minimized [106]. The cardinalized PHD
(CPHD) filter [111] uses a similar principle but approxi-
mates f(AX|Z1.,-1) by the pdf of an iid cluster RFS [78].
Multisensor extensions of the PHD and CPHD filters
[110] use the iterated-corrector approach, i.e., they
sequentially perform a separate (C)PHD approximation
for each sensor [112], or they perform a single (C)PHD
approximation for all sensors jointly [104]. The perfor-
mance of the latter strategy is superior and moreover
invariant to the ordering of the sensors. (C)PHD filters
cannot maintain track continuity.

2) Multi-Bernoulli Filters: Multi-Bernoulli (MB) filters
approximate the posterior pdf f(A}|Z;.,) by an MB RFS pdf.
The original MB filter (abbreviated as MeMBer filter) [3]
uses approximations of an RFS representation known as the
probability generating functional. The MeMBer filter was
found to have a cardinality bias, which was compensated in
[103]. The track-oriented marginal MB/Poisson (TOMB/P)
filter and the measurement-oriented marginal MB/Poisson
(MOMB/P) filter [51], [113] are two MB filter variants that
are based on the observation that the exact pdf f(A3,|Z1..)
involves an MB mixture. Each MB pdf in this MB mixture
corresponds to one of the global association hypotheses in
MHT methods. Similar to [62], the TOMB/P and MOMB/P
filters model undetected targets by a Poisson RFS, so that
the overall multitarget state RFS is the union of independ-
ent Poisson and MB mixture RFSs. However, in contrast to
[62] and other MHT variants, the TOMB/P and MOMB/P
filters also model target appearance and disappearance. In
the case of the TOMB/P filter, a computationally feasible
MB filtering algorithm is obtained by approximating the
DA pmf by the product of its marginals and by calculat-
ing the marginals using a scalable SPA-based algorithm.
Although the TOMB/P filter is based on Bernoulli compo-
nents without an explicit order or label, track continuity
can be obtained implicitly, similar to the JIPDA filter. A
sequential Monte Carlo implementation of the TOMB/P
filter was presented in [107] and applied to static source
localization in [114]. The MeMBer and MOMB/P filters
cannot maintain track continuity. A multisensor extension
of the MB filter was presented in [105].

3) Labeled RFS-Based Methods: Using labels allows RFS-
based MTT filters to explicitly maintain track continuity,
i.e., to obtain entire trajectories of consecutive target states.
In the MTT context, the elements of a labeled RFS are the
target state vectors augmented by a distinct label that iden-
tifies the respective target. The 6-GLMB filter [108] models
the multitarget state by a generalized labeled MB (GLMB)
RFS, where each GLMB component corresponds to one pos-
sible target-measurement association history. In contrast to
the TOMB/P and MOMB/P filters, the number of hypoth-
esized targets per GLMB component is deterministic, simi-
larly to traditional MHT methods. To avoid an exponential
increase of the number of GLMB components with time,
components with a low weight are pruned and the genera-
tion of new components is limited by an m-best assignment
algorithm. The LMB filter [109] is a reduced-complexity
approximation of the §-GLMB filter. The GLMB RFS is
approximated by a labeled MB (LMB) RFS, which is chosen
such that its PHD matches the PHD of the GLMB RFS. This
approximation is analogous to that underlying the TOMB/P
filter. However, in [109], the DA problem is solved by means
of the m-best assignment algorithm rather than a scalable
SPA-based algorithm.

C. MTT Methods Using Message Passing

In the context of MTT, message passing techniques were
first studied for DA in sensor networks where each sensor
has a narrow field of view [44]-[47]. Association variables
were used to hypothesize joint association events for all
targets and measurements within certain nonoverlapping
regions and to perform “hard” DA by means of the max-
product algorithm. For such multisensor problems, calculat-
ing the marginal DA probabilities using exhaustive hypoth-
esis enumeration is typically infeasible. Related techniques
were studied in [115] and [116], and a tree-based approxima-
tion of DA messages was developed in [117]. The efficient
hypothesis management method proposed in [71] and [72]
exploits the redundancy present in many cases to achieve an
exact evaluation with reduced complexity. This method is
effectively a highly tailored version of the junction tree algo-
rithm [25], [32]. Still, the complexity remains exponential
in some extreme scenarios.

Message passing methods provide approximate mar-
ginal probabilities (using the SPA) and maximum a poste-
riori (MAP) estimates (using the max-product algorithm)
with reduced complexity [25], [26]. The max-product algo-
rithm is guaranteed to converge to the optimum MAP solu-
tion in single-scan DA problems (i.e., DA problems where
the measurements of a single sensor and a single time step
are considered) [118]. Max-product algorithms for multi-
ple-scan DA were considered for MTT [49], [119], [120]
and track association [121]. Dual decomposition methods
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[122], [123] provide a convergent alternative to the max-
product algorithm, and were applied to multiple-scan DA
in [119].

For estimation of marginal DA probabilities, an
SPA-based method involving so-called mutual exclusion
constraints [124], [32, Box 12.D] was shown in [49] to be
outperformed by the bipartite SPA-based algorithm pro-
posed in [125] and [126] and subsequently studied in [48]
and [127]. This algorithm was developed independently and
evaluated in the MTT context in [49] and [128]. It was used
in set-type MTT methods [51], [78], [107], [114], in vector-
type multisensor MTT methods [52]-[55], [79], [80], and
in vector-type methods for indoor localization [129]-[131].
This bipartite SPA-based algorithm for probabilistic DA will
be discussed in Section VI. The underlying bipartite graphi-
cal model was also used for group tracking [132] and batch
filtering performing MTT [133] (both based on the expecta-
tion—maximization algorithm), and for multipath tracking
[134], [135].

In [52]-[54], the SPA was used not merely for proba-
bilistic DA but for the entire multisensor MTT problem.
These “total-SPA” MTT methods, which will be discussed
in Sections VII and IX, integrate the bipartite SPA-based
DA algorithm in the overall SPA formulation. In [53],
a total-SPA MTT method was proposed in which target
appearance and disappearance are modeled by “augmented
target states” including a binary target existence indicator,
and a particle implementation of the method was devel-
oped. An adaptive extension in which the probabilities of
detection for the individual sensors are estimated jointly
with the augmented target states was presented in [54]. A
reformulation of [53] was used in SPA-based methods for
indoor localization [129] and for simultaneous localization
and mapping (SLAM) [130], [131]; these methods exploit
the information provided by multipath components in
ultrawideband signals.

ITI. INTRODUCTION TO THE
SUM-PRODUCT ALGORITHM

Many important algorithms—such as sequential Bayesian
estimation, the Kalman filter, the particle filter, the forward—
backward algorithm, the Viterbi algorithm, the turbo decod-
ing algorithm, and fast Fourier transform algorithms—can be
viewed as instances of the SPA. In addition, the SPA has been
used to develop numerous new, high-performing algorithms
in a wide range of applications [34]-[43], [136], [137].

In detection and estimation problems, the SPA can be
used for an efficient calculation of marginal posterior pdfs
[25], [27]. Consider the estimation of random parameter
vectors x;, i = 1,...,n, from an observation z of a random
measurement vector z. Most Bayesian estimation meth-
ods require the posterior pdfs f(x;|z) [57]. These pdfs are
marginalT pdfs of the joint posterior pdf f(x|z), where x £

[xf---xgt] . In many cases, the SPA is able to calculate the
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marginal posterior pdfs f(x;|z), or accurate approxima-
tions thereof, at a small fraction of the computational cost
of direct marginalizations. In particular, the computational
cost of the SPA typically scales significantly better with rel-
evant system parameters than that of direct marginaliza-
tions. This advantage makes an SPA-based solution feasible
for many large-scale problems where other solutions are
infeasible, including MTT problems with a large number of
targets, sensors, and/or measurements.

A. Factor Graphs

The use of the SPA for marginalizing the joint posterior
pdf f(x|z) presupposes that f(x|z) is the product of lower

dimensional factors, i.e.,

f(x]2) llM (xD).

Here, each argument x® comprises certain parameter vec-
tors x;, where each x; can appear in several x{. Note that
the factors y/l(x(l)) generally depend also on z. The fac-
torization (4) can be represented by a factor graph [25],
[28]. (Alternative graphical models include Markov ran-
dom fields [138] and Bayesian networks [139].) In a factor
graph, each parameter variable x; is represented by a vari-
able node, and each factor y;(-) by a factor node. Variable
“x;” and factor node “y;” are adjacent, i.e., connected
by an edge, if x; is an argument of y;(-). This is visualized in
Fig. 1 for the factorization f(x|2) « y; (%) v, (X1, X3) ¥3 (%),
where x = [x] X%]T.

)

«

node

A useful modification of factor graphs is provided by
the principle of “stretching” or “opening” factors [25], [40].
Here, one introduces additional variables that may depend
deterministically on certain variables in the original factor
graph. This causes certain factor nodes to be “stretched”
into a larger number of factor nodes. The variable nodes
adjacent to these new factor nodes tend to have lower
dimensions than those adjacent to the original factor nodes.
Accordingly, some of the messages in the SPA are replaced
with lower dimensional messages, which results in reduced
computational complexity and improved scalability.

B. The SPA

The SPA [25], [29] is a message passing algorithm that
calculates certain messages for each node and passes each of

Fig. 1. Factor graph representing the factorization f(x|z) « y;(x,)
X WXy, X3) Y3(X5). Variable nodes and factor nodes are represented
by circles and squares, respectively.
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these messages to one of the adjacent nodes. Messages leav-
ing or entering a variable node are functions of the associ-
ated variable. Let V) be the set of the indices i of all variable
nodes “x;” adjacent to factor node “y;,” or equivalently, of
all variables x; that appear in the argument of (xDyin (4).
Furthermore, let F; be the set of the indices [ of all factor
nodes “y;” adjacent to variable node “x;,” or equivalently, of
all factors y;(x) that involve x; in their argument. Then,
the message passed from factor node “y;” to an adjacent vari-
able node “x;,” i e V) is given by

é’w—)xi (Xi) = fW (X(l)) , H nxl-/—nm (Xi/) dX~i'
ieV\{i}

Here, / ... dx_; denotes integration with respect to all vec-

©)

tors xy, i’ € V) except x;. For factorizations involving discrete
variables, the integration is replaced with a summation.
Furthermore, the message 7,,_,, (x;) passed from variable
node “x;” to an adjacent factor node “y;”, | € Fj is given by

©)

nxi—)nm (Xi) = H glm’—>xi (Xi)'
l'eF\1}

In the case of a tree-structured factor graph, such as in
Fig. 1, the message updates (5) and (6) are performed once
for each variable node and factor node. This process starts
at the variable and factor nodes with only one edge (which
pass a constant message and the corresponding factor,
respectively), and proceeds with any node whose incoming
messages are already available. After all messages have
been calculated, a belief f(x;) is calculated for each variable

«w_

node “x;” as

)?(Xi) =G llel-ng_)xi (Xi) )

with C; such that f f(x)dx; = 1. For a tree-structured fac-
tor graph, it can be shown [25], [32] that each belief f(x;) is
exactly equal to the respective marginal posterior pdf f(x;|z).

In our example (see Fig. 1), the message passed from “y,” to

X718 $p ey () = [ (30, %,) 1y s, (x7) dx; (here, ) =

T

[x] x3] ), the message passed from “x;” to “y,” is Ty (X1)

= $yx(X¥1) = vi(x), and the belief for “x,” is f(x,) =
Cr 8 0 (X) & (%) = 038, & (%) y5(x,), where C, =
1[4, x (%) v3(xp) dxy. With v (x)) = f(x1]2), v, (3, %)
= f(x,] %), and y3(x;) = f(2,|x;), it can be verified that
f(x,) = f(x,| 1.5)- Thus, running the SPA on the factor graph
in Fig. 1 is equivalent to performing prediction step (1) and
update step (2).

In the case of a factor graph with loops, the SPA is applied
in an iterative manner, i.e., the entire message update pro-
cess is repeated several times. The resulting beliefs f(x;) are
then generally only approximations of the marginal poste-
rior pdfs f(x;|z). Theoretical analysis [26], [30], [31], [33]
showed that this “loopy” SPA can be interpreted as a vari-
ational approach to approximate inference that corresponds

to a constrained optimization problem, and that the iterative
message updating process seeks to converge to a stationary
point of that optimization problem. Although the optimiza-
tion problem is typically nonconvex, the approximation of the
f(x;|z) provided by the loopy SPA has been observed to be
very accurate in many applications [34]-[36], [38]-[43],
[136], [137]. Intuitively, the loopy SPA converges and pro-
vides a good approximation of the marginal posterior pdfs
if the optimization problem is locally convex in a region
containing the starting point and the optimal solution.
Alternative optimization problems that are convex can be
constructed [140], [141]. The resulting iterative message
passing algorithms converge to a global optimum and may
lead to more accurate beliefs than the loopy SPA. However,
they are typically significantly more complex.

In an iterative loopy SPA, there is no canonical order of
message calculation, and different orders may lead to dif-
ferent beliefs. Specifying the order (schedule) and using
the “stretching factors” principle discussed in Section III-
A gives a certain freedom in the design of message passing
algorithms. We will take advantage of this design freedom
in our development of SPA-based MTT methods in later
sections.

For linear-Gaussian system models, the message passing
equations (5)—(7) can be evaluated in closed form (see [27]
for details). The resulting equations generalize the Kalman
filter recursion [58] to more complex factorization struc-
tures. For nonlinear/non-Gaussian models, computationally
feasible approximate implementations of (5)-(7) include
nonparametric belief propagation [41] and sigma point
belief propagation [142], which generalize the particle filter
[56],[61] and the unscented Kalman filter [59], respectively.

IV. VECTOR-TYPE SYSTEM MODEL
FOR A KNOWN, FIXED NUMBER OF
TARGETS

In this section, following [1], we present a system model
and a basic statistical formulation for the vector-type DA
and MTT methods considered in Sections VI and VII,
respectively. We assume that the number of targets is
fixed and known. A vector-type MTT system model for an
unknown, time-varying number of targets will be presented
in Section VIII.

A. State-Transition pdf and Prior Distribution

The vector-type system model is based on the assump-
tions Al)-All) listed in Section I-C and on the following
additional assumptions [1].

Vk1) The number of targets i, = n, is fixed and known.
Vk2) The target states are ordered according to

their arrangement in a joint state vector x, £
[X(l)T”_x(m)T]T
k k '
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Vk3) Attimek = 1, the target states x@ are independent
and distributed (generally nonidentically) accord-
ing to the prior pdfs f(xgl)).

Using Vk1) and Vk2) along with Al) and A2), the joint state-
transition pdf is obtained as

f(xk|Xk—1)=[[1f(X DxDy), k=23, (8)
Similarly, using Vk3), the joint prior pdf at time k = 11is
ne .
f) = TIfGA. ©)

B. Likelihood Function

The measurements produced by sensor s at time k are
described by the vector z, £ [ (1)T (m’“)T]
components (subvectors) zi";),

, where the
.,my, ¢ have a random
order [cf. A3)]. The (unknown) association between meas-

urements and targets can be described by the DA vector

ay, = [a%s)»--ag's‘)]Twith entries [1]
me{l,...,my}, ifattime k, target i generates
measurement m at sensor s
0D a . . .
aﬁ,s =30, if at time k, target i does not

generate a measurement at

SEnsor s. (10)

If a,, was known, we would be able to identify clutter
measurements and to associate measurements with targets.
However, a, . is unknown and thus considered as a latent
random variable in the inference problem. It will be conven-
ient to express the constraint A4) by the indicator function

0, 3i,i’e {1,...,n}
such that i # i’ and aﬁ)s = agzl,,s) #0

1, otherwise.

y(ags) =

Using A3)-A6), the prior pmf of the DA vector a, ; and
the number of measurements m; ; conditioned on the multi-
target state x,, is obtained as [1]

p(ay My [ %)
—_ m S
ué <ﬂs>> -

= ()" (M- ps )
PéS) (X(j))

. () S) (5D (1)
ey 1 (1= p§ (xf)

where D, _is the set of “detected targets” corresponding to
ai.e., Dak,s sfie{l,...,n}: a(l) # 0}. The detailed deriva-
tion of expression (11) is reviewed in [143]. Note that the
factor y(ay ) guarantees that p(aj, ;, my, | %) =
a  violating A4) (e.g., if one measurement is associated
with two targets). In addition, l//(ak .) introduces a coupling
of the different DA variables ak ’, which implies that per-

0 for vectors

forming inference independently on single-target states is
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suboptimum. Note that p(ay, i, m, | %) in (11) is a valid pmf
in the sense that Y70 —o X4, (@ M| %) = 1 for arbi-
trary xi,; here, 3, is short for Y7o cio1,....m, -

To gain further insights into the structure of p(a, ;, my, |
Xj,), We next investigate three special cases. In the no-detec-
tions, no-clutter case, i.e., my, =0 and aj, ; = 0, expression
(11) reduces to

ORL: i
Plags = 0y = 0] x) = e TJ(1 = pi? (x{)).
Here, e_”c(g) is the Poisson pmf of the number of clutter
measurements evaluated at 0, and []i,(1 - pgf)(xg))) is
the probability that no target is detected by sensor §. In the
no-detections, all-clutter case, i.e., my, >0 and a,, =0,
we obtain

—u&)

- _ L)) r P ()

p(a, = 0,my | x,) = H(l - p{ (=)
where ¢4 (ﬂc@))m
ber of clutter measurements evaluated at m, .. Finally, in the
all-detections, no-clutter case, i.e., m, = n and a, = ag,s,
where ag,s is any DA vector that assigns exactly one meas-

urement to each target, we have

d JPROR i
P(ays = Al My = 1| %) = 1€ He HlPEf) (xi?).
=

Wy my ¢! is the Poisson pmf of the num-

Here, e_”“@ is again the Poisson pmf of the number of clut-
ter measurements evaluated at 0, [, pfl )(x{D) is the prob-
ability that all targets are detected by sensor s, and the factor
1/n,! arises because there are n! different measurement-
target associations and, thus, n,! different ag’s.

Next, using A7)-A9), the dependence of the measure-
ment vector z,  on x,, a, and my  is described by the

pdf [1]
(@ | Xie A0 1) = ( ﬁ & (Z(m))>
PIGRICSRIED

i€D, |

12)

with O |x?) 2 fz{™|x)/fO (™). [Note that
expression (12) presupposes that a, ¢ is consistent with
A4).] Again, we investigate f(z ;| x;, a5,y ) for the three
special cases considered earlier. In the no-detections, no-
clutter case, i.e., my,s =0 and a,, =0, z, is not defined;
however, an expression of f(z, ;| X, aj, ;» My, ) replacing (12)
can be formally introduced as f(z, ;| X, . s = 0,m; ;= 0) =
1. In the no-detections, all-clutter case, i.e., mj, > 0 and a,
= 0, expression (12) reduces to

My s
f(Zi 5| X @ s = 0,my, ) = H1f O (2.
=

Here, since all the measurements are clutter measurements,
2, , is independent of x,,. Finally, in the all-detections, no-
clutter case, i.e., m, , =n,and a, ; = ags, we obtain
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) 1
(25| X 2y = af oy =) = Hf(z(a“)|x ).

Here, each target state X( ) generates one measurement Z
which is distributed accordmg to f(z(a’“s ) |x(l))

The pdf of z, , a, , and m, - conditioned on x;, is now
obtained as

f(zk,s’ ak,s’ My, s | Xk) = f(zk,s | X ak,s’ mk,s) P(ak,s’ My, s

and further, inserting (11) and (12)

( 070 ef))

f(zk s> Ao M s | Xk)

x w(ak,ai:lilg(x@,aﬁ,%;zk,s> 13)
with
o(x{,a); )
, @p&”(x@)f@(z&@|x§;'>>, af =me{l,...,my}
1-pi (xf), af)) = 0. (14)

In (13) and hereafter, it is assumed that the value of my  is
consistent with z, , i.e., equal to the number of subvectors
z<ktrs') in z, .

Finally, we use A10) and the fact that since the meas-
urements z; ¢ of different sensors s are conditionally inde-
pendent given x;, also the DA vectors a,  are condition-
ally independent. We thus obtain for the ]omt pdf of the
all-sensors vectors z, £ [z;21 -z}, ns] a, 2 [ak1 akns] , and
my, £ [my ;- mk)ns]T conditioned on x,

n.\'
= H1f (21> g 5o My | X)- (15)
s=

(2> @, my, | x3.)
The global (all-sensors) likelihood function f(z,, my,|x;)
follows via marginalization, i.e.,
f(z | %) = 2f (21 2 11| %) (16)
a,
where the sum is over all a, € {O,l,...,mk,l}"t X o X
{0,1,...,my, , }" [note that there are (H?;lmk,s)"' different
DA vectors a;].
For completeness and future reference, we also present
the single-sensor likelihood function without ay,

Zf(zk,s’ Al 5> M s | Xk)

il@ m
(s
X ZW(aks)Hg(Xl(e) ai Zk,s) (17)

Ap,s

f(zk,s’ My, | Xk)

where (13) was used. The sum is over all possible DA vectors
a,,€10,1,...,my, }", and thus the computational complex-
ity of evaluating f(z, ;, m, ;| x;) scales exponentially with the
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number of targets n,. Expression (17) is invariant to a per-
mutation of the subvectors zi S) in z, ; and of the subvectors
x{” in x;. This independence of an assumed order of the tar-
gets and the measurements motivates the set-type approach
considered in Sections XI-XIII. Note that f(z, ;, m, (| x,) in
(17) is a valid hybrid pdf/pmf in the sense that

) /f(zks’mkslxk)dzks =L

M=

V. JOINT POSTERIOR PDFS AND
FACTOR GRAPHS FOR A KNOWN,
FIXED NUMBER OF TARGETS
Bayesian estimation of the target states XS) typically relies
on the posterior pdfs f(xg)|zlzk), where z,, 2 [z]..z;]".
The f(xgp | z,.,,) are marginals of the joint posterior pdf
; T 19T
fGa] 210, with x, 2 [x1--x3.]
ginalization of f(xy.,|z;) is infeasible since the dimen-
sion of x;., grows linearly with the number of time steps k
and the number of targets n,, and thus the computational

However, direct mar-

complexity scales exponentially with k and n,. The exponen-
tial scaling with k can be avoided by exploiting statistical
independencies across the time steps: using Bayes’ rule on

- h 2 mT.mm”
[l z12) = f(Xue| 21000 M), Where myy 2 [my-my ],
we obtain

f(z1: M1y, | x1.0) f(X1:8)
f(z1s my1.)

fxel z1) =

& f(zlzk’ my;, | Xl:k)f(xl:k)

since z;,;, (and, hence, also m,,;,) are observed and thus con-
sidered fixed. (Note that knowledge of my, is implied by
knowledge of z,.;,.) Using A1) and All), we obtain further

k
fGakl z1) kl’——llf(Xk, | xi7-1) f (2,

Here, f(x3,| x,_;) and f(z,, my, | x;,) are given by (8) and (16),
respectively, and we formally introduced f(x;|x,) £ f(x;)
[cf. (9)]. The factorization (18) underlies sequential
Bayesian estimation (filtering) using the prediction step
(1) and the update step (2), whose complexity per time step
is constant. The factor graph representing the factorization
(18) is shown in Fig. 2(a). We note that sequential Bayesian

(18)

estimation and related methods such as the Kalman filter
and the particle filter can be interpreted as running the
SPA on this simple tree-structured factor graph.

A. First Stretching Step: Introducing a;.j

The complexity of (1) and (2) still scales exponentially
with n,.. To address this issue and obtain scalable SPA-
based MTT methods, we use the stretching principle from
Section III-A to introduce the DA vector a;,, £ [a?--aE]T
and formally replace the joint posterior pdf f(x;.,|2.;) by

f(Xlzk’ .k | Zl:k)‘ Note that Zal:kf(xl:k’ .k | Zl:k) =f(xl:k | Zl:k)’
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k-1 ! k

Fig. 2. Factor graphs for single-sensor and multisensor MTT, assuming a known, fixed number of targets. (a) Factor graph for sequential
Bayesian estimation, corresponding to the factorization (18). (b) Factor graph for the single-sensor MTT problem corresponding to the
factorization (19) with n; = 1. (c) Stretched factor graph for the single-sensor MTT problem corresponding to the factorization (24) with
ng = 1. (d) Factor graph for the multisensor MTT problem corresponding to the factorization (24). Two complete consecutive sections of

the factor graph (for times k — 1 and k) are shown in (a), and one complete section (for time k) in (b)-(d). Factor nodes in green represent
factors related to the state-transition function and factor nodes in red represent factors related to the likelihood function. The time index
k and the sensor index s are omitted, and the following short notations are used: x' 2 x{?, a' 2 af(’ b™M 2 bf( Sy My 2 My gy X_ 2 Xye_2 X_ 2 Xy_q,

X’() f_ 2 fx_g11Xk_2), F 2 f(X I X_1), fz f(xﬁ”lxﬂ’;), 2 2 f(zy_g, my_q1xk_g), P 2 f(zy, my I X)), gl 2 H(XI{")rak(,')

"™ 2 Wb 2[M), y 2 y(ay o), and Po™ 2 ¥, (af), b)),

zk,s)v g’ g(xlg)'ak(,') zk,s)v

and thus the marginal posterior pdfs FxD | ,.1,) calculated
from f(xy.;,a,.,| z1,,) are equal to the ones calculated from
f(%1.| 1.)- Suitable modification of (18) yields the new
factorization

k
fGap Ay | 210) kl:llf (x| x0-1) f (210> Ay, My | x3)

nS
Xp/_1) S—H1f (Zk/,s> A s My | %)

k
= H f(x
k'=1

where (15) was used in the last step. Inserting (8), (9), and
(13), we obtain further

k 10 . . LN
ﬂn%@uqoan(nﬂﬁwﬁhﬁHV@m
k=1 \i=1 s=1

xnmduhﬂf 19)
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where f(x1)|x(l) f(x{?). The factor graph represent-
ing this factorization is shown in Fig. 2(b) for the single-
sensor case (ng = 1). This factor graph has loops, which are
however not visible because Fig. 2(b) essentially shows
only the part of the factor graph corresponding to time
step k.

B. Second Stretching Step: Introducing by.j

Running the SPA on the factor graph in Fig. 2(b) is sig-
nificantly less complex than running it on the factor graph
in Fig. 2(a), because the marginalizations with respect to
the multitarget state [the x;,_; integration in (1)] and with
respect to the DA vector [the a, ; summation in (17)] are
avoided. However, there are still high-dimensional discrete
marginalizations, whose complexity scales exponentially
with n, and my, ;. This is because the messages related to
the variable nodes aj, ; are functions of all the variables aé)s,



Meyer et al.:

i = 1,...,n, where aks € {0,...,my}. A computationally
feasible SPA-based MTT method can be obtained by a modi-
fication of the factor graph in Fig. 2(b). We again invoke
the stretching principle, this time to stretch the factor node

“w(ay).” Following [49], [50], we introduce the DA vector
b, =[b g) b(m’“)] with entries

if at time k, measurement m
at sensor s is generated by
target i

(ie{l,....,n},

0, if at time k, measurement m
at sensor s is not generated
by a target.

(20)

L

Note that by ; carries the same information as a, ; but in a
different form. If by ; was known, a ; would be known as
well and the DA problem would be solved. However, by, , is
unknown and thus considered as a latent random variable in
the inference problem. The admissibility of a DA hypothesis
according to the constraint A4) can now be expressed by the
indicator function

(ak s bk s) H Hlljlm(ak s’b ) (21)
with
' 0, ag)s m, b(m) #i
¥ (af DY) 2 or bW =i,a) #m  (22)

1, otherwise.

We note that me y(ays, bs) = w(ay). Replacing w(ay,)
in (19) by w(ay, by, ) and using (21) results in the new joint
posterior pdf

(X110 @1 b | 211 o H Hf<x£)|x£> D) Hg k2, ;s 210 0)

k'=11=1

Mmy s
X H\Pi,m (ag),ssbg’fls)) (23)
m=1
Finally, we perform a last modification of the factoriza-
tion. This modification does not further reduce the com-
plexity, but it is the basis for a general SPA-based DA
algorithm, to be presented in Section VI, which can be
used in many different MTT methods. First, we multiply
(23) by the constant

o(z1) = H H Huf)f(s)(z('"))

S— m=1

For given k and s, let Mggs c {1,...,my} be the set of
all m with bg';) = 0, i.e., all m indexing clutter measure-
ments. Because of A4) expressed by []it;[[me ‘i‘lm(ak %
b(m)) for each m e {1,.. mks}\/\/lks, the joint poste-
rior pdf in (23) is nonzero only if there is exactly one ai)

that equals m. This means that for ai)s =me{l,...m},
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the denominator ,u(s)f(s) (z(ai ) of g(x;(;) aks 3 21.5) [see (14),
recalling that § (z m| x{)) = f(zg';) |x{D)/f© (zg's‘)) is
canceled by the correspondmg factor 1 fO) (2 )) in ¢(zy.)-
Equation (23) thus becomes

f(Xps @1 bri | 21.0)
T

k n, ‘ ‘
o I (T 1520) ([ 50

H #(S)f(S) (Z(m))

mGMk s

Mmy s
X T Wi (2, b0) )

where for a<l) e{l,...,mp}
S S a )
st) g(xi aks’zks):uc >f( )(z( £ ))
= p§ AL | %)

andfora)—Og(x>0 z,) £ g(x Ozks)_l—pE])(X())

[ct. (14)]. Introducing
(&) £() ¢ 5{m) m) _
h(b(km);zim)) N He fc (Z£,s ) b%,s =0
s 1, bf™ > 1

we obtain the final factorization of f(xy.;, a1k, by.i | 21.1) as

g(x, af)

f(Xl:k’ ks bl:k | Zl:k)

Tt

k L y o L . .
o [T (L 1520) T L. 200
'=1 \i'= s= =

i 4 s m m
T i b0 TIH O340 24)

el
with f(x{"[x(") = f(x{"). Note that f(x; 4 a1, by | 21) is
again consistent with the original joint posterior pdf f(x;.; |
zl:k) in(18)inthe sensethatZaLkZbl:kf(xl:k’ Ak bl:k | Zl:k) =
f(Xlzk | Zl:k)'

The factor graph representing the factorization (24) is
shown in Fig. 2(c) for the single-sensor case (n, = 1) and
in Fig. 2(d) for the multisensor case. These factor graphs
contain one or multiple “bipartite” substructures that are
associated with probabilistic DA. An interesting interpre-
tation of these substructures is that information on target-
originated measurements in the form of g(xk ak s> Zps) 1S
connected to target-oriented DA variables and informa-
tion on clutter-originated measurements in the form of
h(b(m) zp) {m) is connected to measurement-oriented DA
variables. The two factor graphs will be used in Sections VI
and VII as a basis for developing scalable SPA-based meth-
ods for MTT.

VI. SPA-BASED PROBABILISTIC DA

Next, we describe an efficient loopy SPA-based algorithm
for probabilistic DA [48]-[50]. This algorithm will consti-
tute an important building block of the SPA-based MTT
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methods developed in Sections VII, IX, and XIII. We con-
sider n, targets, where n, is assumed known, and a single
sensor (thus, we drop the sensor index s). The assumptions
of a fixed, known number of targets and of a single sensor
will be lifted in later sections.

The goal of probabilistic DA is to calculate the poste-
rior DA pmfs p(a,(j)|zltk), where a{’ was defined in (10).
These pmfs are marginals of the joint posterior pdf f(x;.;,
a4, by | z1.p,) in (24). We now use the loopy SPA on the fac-
tor graph in Fig. 2(c) to calculate accurate approximations
of these marginal pmfs. We choose a message calculation
schedule such that each time k is considered individually;
this is achieved by passing messages only forward in time'
[42]. Accordlng to (5), the messages passed from the factor
nodes ° f(xk) | x 1)” to the variable nodes “Xg)” are given by

o) () = [F 1 D FxfL ) dxi,y (25)
Here, f(xk' i 1s the belief approximating the marginal pos-
terior pdf of Xk 1; this belief was calculated at time k — 1.
The message calculation in (25) is analogous to the predic-
tion step in sequential filtering [cf. (1)]. S1m11arly, the mes-
sages passed from the factor nodes g(x,e ak ;7,)” to the
variable nodes “a,(gi)” are given by

A (@) = [g(x{?,a; z,) o (x{?) dx})

and the messages passed from the factor nodes “h(bg”); zﬁm))”
to the variable nodes “b{™” are given by &™ (b{™) =
h(b(km) ; z,(em)). The ﬂéi) (ag)) and §;§m) (b;(am)) are referred to as
1], [107].

For future reference, we note that the belief of the joint
DA vector [a} bz]T can be obtained by interpreting all vari-
able nodes related to the DA variables a() i=1,...,n and
bﬁm), m = 1,...,m, ¢ on the factor graph in Fig. 2(C) as one
“supernode” and calculating the belief of that supernode
according to (7). This belief is obtained as

¢ . . my
By by) o w(ag bk>(i1=11ms‘> <a£;>>) IERCORNED

association weights [50], [5

where y(ay, by,) is given by (21).

A. SPA-Based DA

Once o {0 (xy, ‘>) and -)(aki)) have been calculated, the
iterative SPA involving the factor nodes ‘le(ao b(m))”
and the variable nodes a(l) and b(m) is performed for
all statesi = 1,...,
in parallel. More spec1ﬁcally, at message passing iteration
¢ e {1,...,n;,}, a message q)q, %m)(b( )) is passed from
‘le(a('),b(m)” to “b{™,” and a message v\[],é] _)ap(a DY is
passedfrom ¥, (a(l) b(m)) to “a(l) Since each factor node

n, and all measurements m = 1,...,my,

“¥; (a ) b('"))” is connected to only two variable nodes, an
outgomg message from such a factor node can be obtained

'We note that SPA-based algorithms for probabilistic DA that
consider multiple time steps jointly were introduced in [145].
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from the incoming message by inserting (6) into the dis-
crete counterpart of (5). In this way, one obtains the follow-
ing recursion for the messages g and v:

o) (™)
= gﬁl><a<‘>>wi,m<a>b<m>> H i @) @)
ap’=0 ’;ém
and
\[‘ —>a£)(3<1))
2 &M pMmyw,,, (), b<'">>H<o” (™) (28)
b'"—O
l:;él

fori=1,...,njandm=1,...,

initialized by the messages

my,. This iterative algorithm is

i) _pm (b{™) = 2 B (@) ¥, (@, b{™).
a —O

After the last iteration ¢ = ny,, approximations f)(ag>|z1:k)

29)

of the marginal posterior DA pmfs p(ag) | ,.;,) are obtained
according to (7), i.e.,

p(a| 21 = AD B () H o @)

fori=1,...,n, where the Ag> are normalization factors.

B. A Scalable SPA-Based DA Algorithm

The messages (27) and (28) can be simplified [50],
[118], [128]. Because of the binary consistency constraints
expressed by ‘I‘lm(a(’) b( )) each message comprises
only two different values: (p\y _,b;!w(b(m)) in (27) takes

on one value for b(m) = i and another for all b(m) # 1, and
[£]
v

Yim—a
another for all ak) # m. Thus, each message can be repre-
sented (up to an irrelevant constant factor) by the ratio of

1>(a(l)) in (28) takes on one value for ak> = m and

the first value and the second value, hereafter denoted as
of0=m) or vy](m_”'). The recursion (27), (28) can then be
reformulated as

A (m)
. my . .
A0) + Y B (mr) v
m=1
m#Em
&M (i)
g .
&M (0) + 3 &M (i) pft~HE=m
i'=1
I'#i

ol (6= (30)

Vg](m—»i) — (31)

fori=1,...,n,and m = 1,...,
is initialized by @f°l=™ = ,B,gi)(m)/ ,B,gi)(O). Note that
this reformulation exploits the fact that, after replacing
q)[ﬁl m_)b(rro(b(m)) in (27) by oh1=™ and v[ ] g)(ag)) in

(28) by v[ 1m=D " for each term in the sum only one fac-

my,. This iterative algorithm

tor in the product of messages is different from 1. After the
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last iteration ¢ = n;,, approximations of the p(ag) | zy.1,) are
obtained as

B (m) vfralm=d
BO©) + 3 40 (el
m'=1

p(ag) = m| 2y, ) =

form = 0,1,...,m,. Here, for m = 0, VIL"“](O”) 2 1. In what
follows, this efficient algorithm will be referred to as sum-
product algorithm for data association (SPADA). Note that
one can also obtain approximations of the “measurement-
oriented” DA pmfs p(bg") | z,.,) as

£ (1) gfral-m)
L .
(0) + Bl @)l
i'=

PO = 1] 214) =

fori=0,1,...,n,. Here, fori = 0, (p,E"“](O_)m) 21,

It was shown in [50] and [128] that the recursion (30),
(31) is a contraction, which is guaranteed to converge. In
addition, it was shown in[127]and in [144, App. B-A] that the
recursion (30), (31) solves a convex optimization problem,
and thus it ultimately converges to the corresponding global
optimum. Moreover, the number of iterations required
to meet a specific convergence criterion is bounded [50].
Finally, the complexity of (30), (31) is significantly lower
than that of (27), (28). In each iteration ¢, n,m, messages
go,y](i”m) and n,m, messages v,y](m%i)
ciated complexity is essentially determined by that of calcu-
lating the n, sums Y &) o B (m?) v,y}(m/ﬁi) and the m,
sums Y/ i &m (i (p,y_l](i,*m), which scales as O(n,m,).

Hence, the overall complexity of SPADA per iteration is

are calculated. The asso-

O(n;my,). This is much smaller than the complexity of (27)
and (28), which is O(nt2 mi + n? mi) We note that MATLAB
code for the recursion (30), (31) is provided in [128].

C. Simulation Results

We demonstrate the performance of SPADA for a 2-D
scenario with n, = 6 static targets arranged on a regular
2 x 3 grid [50]. The spacing of the targets is varied between
0 and 10. The measurements are the target positions plus
circularly symmetric 2-D Gaussian noise of zero mean and
variance 1. The clutter measurements are uniformly distrib-
uted over the region of interest with intensity . f, (zg")) =
0.01. The region of interest consists of the gates [1] of the six
targets with gate threshold 18.4, which means that target-
originated measurements are “gated out” with probability
10™*. The probability that a target is detected by the sen-
sor is py (xg)) = 0.6. Prior information on the xg) [replac-
ing a,gi) (x(ki)) in (25)] is obtained through the procedure
described in [50]. The number of message passing iterations
ny, is chosen adaptively according to [50].

We compare SPADA with the following three alternative
algorithms [cf. Section II-C]: the MESP algorithm, which
performs the SPA on a factor graph that is obtained with a
different stretching of the factor node “y(a,)” based on ele-
mentary mutual exclusion constraints [49], [124] [32, Box
12.D]; the JTree algorithm, which performs the junction
tree algorithm [25], [32] on that alternative factor graph,
with association weights thresholded to 1073,1072, or 107
to induce sparsity; and the MCMCDA algorithm [145] using
104, 10°, or 10® Markov chain Monte Carlo steps. We con-
sider only a single time step, k = 1, and accordingly, e.g.,
f)(ag) |21.,) = p(al”| z). Fig. 3 shows the average maximum
error of f)(agi) | z,) and the average computation time versus
the target spacing. The average maximum error is calculated
by maximizing |;”J(a§:) =m|z) - p(agi) = m|z;)| over all m
and averaging the result over the six targets (i =1,...,6) and
over 1000 simulation runs. (We do not plot the results of
the MESP algorithm for very small target spacings because
the MESP algorithm occasionally failed to converge in that
case.) SPADA is seen to outperform the MESP algorithm

0.1
—&— SPADA (proposed)
—o— MESP
5 0.08 —o— JTree (10~3)
o - ©- JTree (10~2)
g 0.06 -@ - JTree (10~ 1)
g —a— MCMCDA (10°)
g - A- MCMCDA (10°)
o 0.04
& -.A.- MCMCDA (10%)
5]
>
< 0.02 -
TISALL
O Fmmingg = imm = D

Target spacing
(@)

10*
Z 108
[}
£ 102
=
S
g 101 &
£
8 0
S 10
on
g
Z 107t
1 -2
S 2 4 6 8 10

Target spacing

(b)

Fig. 3. Experimental comparison of SPADA with three alternative DA algorithms. (a) Average maximum error of the estimated marginal
posterior pmfs p(a ,‘(i) 124.4) versus the target spacing. (b) Average computation time versus the target spacing.
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when the targets are closely spaced, to outperform the JTree
1o algorithm and the MCMCDA (104) algorithm, and
to perform similarly to the MCMCDA (10°) algorithm. The
computation time of SPADA is seen to be always lower—
partly by several orders of magnitude—than that of the other
algorithms. This is true even though the MESP and JTree
algorithms were implemented using a C++ library [146]
whereas SPADA was implemented in MATLAB. Further
experiments presented in [50] confirm the high accuracy
and efficiency of SPADA.

VII. SPA-BASED VECTOR-TYPE MTT
METHODS FOR A KNOWN, FIXED
NUMBER OF TARGETS

In this section, we consider the application of the SPA to
MTT within the vector-type system model described in
Section IV, i.e., assuming a known, fixed number n, of tar-
gets. First, we formulate two “total-SPA” methods for single-
sensor MTT, where the second method is based on SPADA.
Next, we review the JPDA filter? and develop a “SPADA-
embedded JPDA filter,” which is a JPDA filter using SPADA
for an efficient approximative calculation of the marginal
DA pmfs. Remarkably, the first total-SPA method is equal
to the JPDA filter and the second total-SPA method is equal
to the SPADA-embedded JPDA filter. The second total-SPA
method is finally extended to obtain scalable MTT meth-
ods for multiple sensors. New variants of these methods for
multisensor MTT that allow for an unknown, time-varying
number of targets will be presented in Section IX.

A. SPA-Based Methods for Single-Sensor MTT

We will now show that the SPA can be used not only
for an efficient calculation of the marginal DA pmfs but for
the entire MTT problem. The number of targets n, is still
assumed fixed and known. Furthermore, we still consider
the single-sensor case (n, = 1), and thus again drop the sen-
sor index s.

1) Total-SPA Method for Single-Sensor MTT: In contrast
to Section VI, where we calculated the marginal DA pmfs
p(a’| z,) by running the SPA on the bipartite part of the
factor graph in Fig. 2(c), we now calculate the marginal pos-
terior target state pdfs f (xgy | .;,) by running the SPA on the
factor graph in Fig. 2(b). We again use a message calculation
schedule such that messages are passed only forward in time
and hence a noniterative SPA is obtained.

First, the messages a,gi) (Xg)) passed from the factor
nodes “f(xio |Xg21)” to the variable nodes “xg)” are calcu-
lated according to (25), and the messages B,gi)(a(ki)) passed
from the factor nodes “g(x() a,(;) ;2,)” to the variable node

2While the original JPDA filter additionally employs a Gaussian
approximation for the target state pdfs [1], we here use the term JPDA
more broadly to refer to a method that propagates a marginal pdf (without
a parametric representation) separately for each single-target state [82].
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“a,” are calculated according to> (26) [with g(x() a() ;2),)
replaced by g(x( ) ag) ;

”to ¢ g(xk ,ak ,zk) are calculated according to (6), i.e.,

y(a,) Hﬁ )(a

i'#i

z,)]. Then, the messages passed from
o (ay) =

Next, the messages passed from “g(xiD, afd; ,)” to “x{V” are
calculated according to the discrete counterpart of (5), i.e.,
) (xf”) Z};g (xf,a s 2) o (a)

; a(x{,a’; z) " (af?) (32

with

K (af) £ zé_>w;5"> (@) (33)
~ay
where Z~a§) denotes the summation over all a(i/ e {0,..

my,} for all i’ € {1,..,n, \{i}. Finally, the beliefs for the Xfﬁ
are obtained according to (7), i.e.,

FO?) o o ()1 (x42). (34)
These beliefs approximate the marginal posterior pdfs
f(x,(;) | z.1,)- They can be used for Bayesian state estimation,
e.g., by means of the MMSE estimator in (3).

2) A Scalable Total-SPA Method for Single-Sensor MTT:
The complexity of the total-SPA method presented above
is exponential in n, due to the summation in (33). This
exponential scaling can be avoided by running the SPA
on the entire factor graph in Fig. 2(c) rather than on the
factor graph in Fig. 2(b) [or on the bipartite part of the
factor graph in Fig. 2(c) as done for DA in Section VI].
The resulting method will also be used in Section VII-C
to develop scalable MTT methods for multiple sensors.
Due to the additional stretching step underlying the factor
graph in Fig. 2(c), the summation in (33) can be avoided
by using SPADA.

More specifically, after calculating the messages
a,gi) (X(ki)) and ﬁ,gi)(a(ki)) according to (25) and (26), respec-
tively, the iterative SPA (27)—(29) is executed, which yields
the messages "[‘::tr]n—m i)(ag)) in (28). Then, the messages

passed from “ag)” to “g(xg), ag);zk)” are calculated accord-
ing to (6), i.e.,

()(a( )) = H v\y ﬁaﬁ(ak ). (35)

Next, the messages y,gi) (x) passed from g(xk , ak
7,)” to “x{V” are calculated according to (32) with x{? (a{?)
3Note that this is still consistent with our general notation defined

by (5), because the message BS)(aS)) can be interpreted as a function in
aj, (which is constant in all ag) except a(ki>).
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replaced by K,El)(ak)) Thereby, the high-dimensional sum-
mation in (33) is avoided. Finally, the iterative SPA (27)-
(29) is replaced by SPADA. For this, the messages v} (")
in (31) are converted into the messages VL[J'“ 2 l)(a )) used
in (35) according to v\[y it 1)(a 0y = v£ =) for al) = m
and vy "“ g)(a(')) =1for a(kl)yém. Finally, evaluation of (34)
yields the beliefs* f(xg)) This total-SPA method for single-
sensor MTT has excellent scalability [namely, O(n,m,,)] and
is thus suitable also for large tracking scenarios with closely

spaced targets.

B. JPDA Filter With SPA-Based Probabilistic DA

The JPDA filter is a vector-type MTT method that
approximates the joint posterior DA pmf by the product of
its marginals. In this subsection, we first review the JPDA
filter and then show how to embed SPADA.

1) Prediction Step: In the prediction step at time k, the
Chapman-Kolmogorov equation (1) is used to convert the
approximate posterior pdf f(x;,_;|z,,_;) calculated at time
k-1 into an approximate predicted posterior pdf f(x|
Z).4,_1)- We assume that f(x,_]|z,,_;) factors into its mar-
ginals, i.e.,

f(Xk—1|lek—1) = gf(xglﬂzlzk—ﬁ- (36)

The validity of this assumption will be verified and discussed
in Section VII-B2. Note also that for k — 1 =1, (36) is equiv-
alent to (9). Inserting (36) and (8) into (1) yields

~ Tt . . ~ . .
f(x | z1.0-1) = i:l_[lff(X’(;) |X§2121)f(xl(;21 | Z1.-1) dxgzl

= [0 6
with
F ) 214 1) = [0 K2 D F 2 |z dxfD; (38)

for i = 1,...,n. Thus, the prediction step (1)—which
required an (n,d,)-dimensional integration—reduces to n,
separate predictions of single-target states, each requiring
only a d,-dimensional integration.

2) Update Step: In the update step at time k, the approxi-
mate posterior pdf f(xk | 2,.;,) is calculated from the approxi-
mate predicted posterior pdf f(x;, | z;.,;,_;) in (37) and the cur-
rent measurement vector z, [cf. (2)]. To derive the update
rule, we first expand the approximate posterior pdf as

f(x ] z14) = ;}f("k |2y, z1.4.) p(ay | 21.4.) (39

“These beliefs are not the same approximations of the marginal
posterior pdfs f(xf?| z) as in (34) because they are based on loopy SPA
for DA. For simplicity, we do not indicate this difference by our notation.
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where the summation is over all a, € {0,...,
A1), f(x;,| @y, 2y.) is obtained as [143]

my, }". Using

F(x| @ 714) = lzﬂj (x| af?, z,,) (40)
where
X l) [)'Z f X [> Zy.
Fx0 |2, 2,,) = o(xt, al? s 2) F(xf” | z10-1) @)

Jo(t?,af?; 2) F(xt | 21-1) dxf?

with g(x{?, a ak t> Z,s) defined in (14). We note that the origi-
nal derivation of the JPDA filter [1] assumed that the prob-
ability of detection does not depend on the target state x( D
i.e., pg(x$)) = py. In that case, (41) simplifies as follows: for
aki =mef{l,....m}

£z X<i>)f(x(i) | Z1.1-1)
/f( (m) | x| (i) )f(X |Zl:k—1) dxgi),

and for ag) =0, f(xi(ai) | a(l) =0,21) = f(Xk | 21.-1)-

To avoid computations involving functions of the high-
dimensional multitarget state x;,, the JPDA filter updates
each single-target state Xg) individually. This is achieved by
approximating the joint posterior DA pmf p(a, | z.,,) by the
product of its marginals, i.e.,

Pa| 20 ~ [Ip (| 210

o m, 710 =

42)
with

p(af? | z,) = Zéi)P(ak | Zy.1.)- 43)

Because the summation in (43) is with respect to all a,(;’,) for
i’ e {1,...,n, }\{i}, its computational complexity scales expo-
nentially with n,.. We note that (42), (43) is the optimum
approximation of p(a, | z,,;,) by a fully factorizing pmf, where
optimality is defined as minimum Kullback-Leibler diver-
gence [32, Prop. 8.3]. Inserting (40) and (42) into (39),
we obtain

f(xk | 21,) » aZk_Hlf (Xlg) | a<ki)’ Z1,) p(ag) | 21.4)
mp . . .
; FD|al, 21 pal | zi,)  (44)

45)

i
!

= zlf(xg) | Zl:k)'

Hence, the calculation of f(xk | ,.;,) simplifies to n, separate
calculations of the approximate marginal posterior pdfs
(xk) | z1.1,). According to (44), these approximate marginal
posterior pdfs are given by
foi 1210 = Z Joi a0, mp(ad | 46)
with f(xs) | a(ki?,zlzk) given by (41) and p(ag) | z.;,) given by
(43). The f(x{”| z,,) can be used for Bayesian state estima-
tion, e.g., by means of the MMSE estimator in (3).
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It can be shown that approximating the joint posterior
DA pmfs p(a, | z;.;,) according to (42), as is done in the JPDA
filter, results in approximate marginal posterior state pdfs
f(x,(;) | ,.,,) in (46) that are equal to the beliefs f(xg)) in (34).
Thus, the total-SPA method presented in Section VII-Al
can be viewed as an SPA-based reformulation of the JPDA
filter. Furthermore, we note that the factorization (45)
is consistent with our initial factorization assumption in
(36). In fact, together with (9), the above derivation pro-
vides an inductive proof that the factorization postulated
in (42) entails (36), i.e., the factorization off(xk | zy.,,) into
the approximate marginal posterior pdfs f (xk) | zy.1,), for all
k=1,2,....

A closed-form implementation of the JPDA filter for lin-
ear-Gaussian models is presented in [1]. A sequential Monte
Carlo (particle-based) implementation for nonlinear and
non-Gaussian models can be found in [82].

3) Embedding SPADA: While the approximation (42)
makes it possible to update the target states x(ki) individu-
ally, the calculation of the marginal DA pmfs p(ag) | 2., in
(43) still scales exponentially with n,. The complexity can
be reduced by gating [1], which is an additional approxima-
tion, but it remains exponential in the case of closely spaced
targets. This problem can be solved by using SPADA for an
approximative calculation of the p(ag) | z.1,)- As an input to
SPADA, the approximate marginal posterior pdfs at the pre-
ceding time, f(x{; | z,,_1), are used, i.e., the f(xgzl | Z1.-1)
are substituted for the f(xgzl) in (25). Remarkably, the
resulting “SPADA-embedded JPDA filter” is equivalent to
the scalable total-SPA method developed in Section VII-A2.
Indeed, it can be shown that the approximate marginal pos-
terior pdfs produced by the former method are equal to the
beliefs produced by the latter method.

C. SPA-Based Methods for Multisensor MTT

Next, we discuss the extension of the total-SPA refor-
mulation of the JPDA filter from Section VII-Al to the case
of ng >

2 sensors. Let us consider the factorization (24) of
the joint posterior pdf f(x.;, a1, by.1,| 2y.3,)- The correspond-
ing factor graph is shown in Fig. 2(d); it is a generalization
of the single-sensor factor graph in Fig. 2(c) featuring an
additional “outer loop” across the sensors. For this factor
graph, the associated variational inference problem can
be shown to be a nonconvex optimization problem [144],
and thus the iterative SPA is not guaranteed to converge.
Indeed, performing multiple message passing iterations
over the outer loop does not necessarily lead to improved
performance. In the following, we discuss two message pass-
ing schedules that avoid convergence issues and have been
observed to result in good performance in many MTT sce-
narios. Alternative, iterative approaches based on convexifi-
cation are studied in forthcoming work [144].
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1) Sequential Processing: Following the iterated-
corrector strategy, the target state beliefs are updated
sequentially with respect to the sensors. This corresponds
to a message passing schedule consisting of n, successive
“sensor update” steps, where in each step the result of
the preceding step is used (except for the first step) and
messages are passed to and from a part of the factor graph
related to one sensor.

First, the messages a,g ) (xé)) are calculated according to
(25). Then, iterated beliefs f, (Xi)) are calculated sequen-
tially for each sensor s = 1,...,n.. At the sth sensor update
step, the messages passed from “g(x{), alg’i 32,,)” to “a(’)” are
calculated as [cf. (26)]

ﬁé)(ao) = /g(Xg)’aks’zks)fs l(Xk>)dX

where the fs 1 (Xk)) were calculated at the preceding sensor
update step [cf. (49)] or, fors = 1, f, (Xk)) = algl) (ngl)). Note
that expression (47) involves the measurement z, ; of sensor
s. Using the ﬁk (a ) as input, the iterative SPA (27)-(29)
or SPADA (30), (31) is executed, which yields the messages
V[\LI“ afd) (ak)) Then, the messages passed from “a< )” to

(Xk)’

47)

a,gl)s 32, ,)” are calculated according to (35), i.e.,

(i))

D (a)) = H V[ﬁl‘]%kf af)

and the messages passed from “g(x? ag)s z,,)" to" x(‘)” are

calculated as [cf. (32)]

; . Me,s
)= ¥ etallin) el
ap,=0

Finally, iterated beliefs are obtained according to (7), i.e.,

Fo ) o i) ) TT AL )
NES

48)

(49)

which generalizes (34) and can be calculated recur-
sively. Note that fs (xg)) incorporates the sensor measure-
,s. According to Fig. 2(d) and (6),

)?s (Xg)) is also the message passed from “x(ki)” to “g(x;(:),

ments z, , for s’ = 1,...

ag)s +15Zp41)” at sensor update step s + 1. The final beliefs
are given as f(xi)) 2 fm (Xk>) they take into account the
measurements of all sensors. These beliefs are used for state
estimation [e.g., using the MMSE estimator in (3) with
f(Xk | 2y. k) replaced by f(X(’)) and to calculate the messages
ock D (Xk ) ) at the next time step k + 1 according to (25).

This sequential message passing algorithm is simple
and its computational complexity is linear in the num-
ber of sensors n.. On the other hand, it is not well suited
to a parallel or distributed implementation, and the final
beliefs f(x,(gi)) depend on the chosen sensor order. We
note that a sensor-sequential processing is also used by
the sequential multisensor JPDA filter [81] and by iter-
ated-corrector multisensor extensions of set-type filters
(see Section XIII-B).
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2) Parallel Processing: An alternative SPA-based method
for multisensor MTT is provided by the following “parallel”
message passing schedule. First, the messages oc,gl) (xg)) are
calculated according to (25). Then, the following operations

are carried out separately for each sensor s € {1,...,n}. The
messages ﬁé‘g (a;(;)s) passed from “g(xo a,gl)s z, )” to “a(l)”
are calculated according to (26), i.e.,

(!) (1)) fg(x(kl) a}(gl)s’zks) a(l) (x(‘)) dx(l) (50)

Note that in contrast to (47), the expression (50) does not
involve a result related to a different sensor. The iterative
SPA (27)-(29) or SPADA (30), (31) is now executed, and
the messages passed from “ag)s” to “g(xg) aéz ;7,,)” are cal-
culated according to (35), i.e.,

. ] M. .
S0 @) = T A @)

Next, the messages yé )(X,(g)) passed from g(Xg),ak 43 Zs)”
to “x( D are calculated according to (48). After these opera-
tions have been done for all s € {1,...,n_} separately, beliefs

are calculated as
FOxi?) o i ) TTA ().
5=

This message passing schedule allows for a parallel
implementation and facilitates a distributed implemen-
tation, and the results do not depend on a chosen sensor
ordering asin sequential processing. However, in some sce-
narios, the independent processing of the individual sensor
measurements may result in a reduced estimation accuracy.
We note that a sensor-parallel processing is also used by the
parallel multisensor JPDA filter [81] and by the multisensor
Monte Carlo JPDA filter [82].

VIII. VECTOR-TYPE SYSTEM MODEL
AND FACTOR GRAPH FOR AN
UNKNOWN, TIME-VARYING NUMBER
OF TARGETS

Next, we consider the practically more relevant case of an
unknown, time-varying number i, of targets. Extending [53],
[80], and [147], we first present a vector-type system model
and an associated factor graph for this case. Corresponding
total-SPA vector-type methods for MTT will be developed
in Section IX. The presented vector-type approach models
only detected targets, i.e., targets that have so far generated
at least one measurement at any of the sensors. By contrast,
the set-type approach presented in Section XI models also
undetected targets, i.e., targets that potentially exist but did
not generate any measurement yet.

Our model is based on an arbitrary ordering s = 1,2,...,
n, of the sensors. At time k and sensor s, we distinguish
between the following two types of detected targets:

+ newly detected targets, which exist at time k and have
been detected for the first time at time k and sensor s;
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+ survived targets, which exist at time k and have been
detected previously, either at a previous time k' < k or
at the current time k but at a previous sensor s’ < s.

The numbers of newly detected targets and survived targets
are unknown. To account for this fact, we introduce the
notion of potential targets (PTs). The number of PTs at time
k, denoted j,, is the maximum possible number of targets
that have generated a measurement at any of the sensors up
to time k. This number depends on the number of measure-
ments observed at time k, as explained in Section VIII-B.
The existence/nonexistence of PT j € {1,...,j, } is modeled
by a binary variable r(j) € {0,1}, i.e., PT j exists at time k
if and only if r<’) =1 The state of PT j is denoted x(J) and
is formally con51dered also if r(’) = 0. The augmented PT

state is defined as g) 2 [x g)T rg)] , and the joint state vec-

torasy, = [y(kl)T-uyg")T]T. The states xg) of nonexisting PTs
are obviously irrelevan';. Therefore, all pdfs defined for PT
states, f(y])) f(x(’) r,(gj)), are such that

fdor = 0) = o <)

where f () € [0,1] is a constant and f;y (Xg)) is an arbitrary
“dummy pdf.”

1)

A. Assumptions

We will use the following assumptions, which replace
Vk1)-Vk3).

Vul) The number of targets i, is time-varying and
unknown.

Vu2) The PT states are ordered (arbitrarily) according
to their arrangement in tThe joint augmented state
vectory;, = [y(kl)T~~y(kj’“>T] .

Vu3) A PTj that exists at time k — 1 survives (i.e., still
exists at time k) with survival probability p, (ngl)

ps (X(klll)

The number of newly detected targets at time k

and sensor s is a priori (i.e., before the measure-

and disappears with probability 1 —
Vu4)

ments are observed) Poisson distributed with
mean u{Y. It is furthermore independent of the
number of clutter measurements and of the num-
ber of survived targets.

The states of newly detected targets at time k and
sensor s are a priori iid and distributed according
tOS f n (Xk)'

At time k, the states of newly detected targets are
independent of the states of survived targets.

Vu5)

Vub)

Vu7) Attime k = 0, there are no PTs, i.e., y, is an empty

vector and j, = 0.

Based on these assumptions and the common assump-
tions in Section I-C, we will next establish a system model

SHere and hereafter, with an abuse of notation, xj, denotes a generic

single-target state vector (whereas in Section VII, it denoted the multi-
target state vector).
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and a statistical formulation and, subsequently, derive a
“stretched” version of the joint posterior pdf f(y,.,,| .,)-

B. Legacy PTs and New PTs

Each PT at time k and sensor s is either a “legacy” PT,
i.e., a PT that was already established in the past, or a “new”
PT. The corresponding states will be denoted by y(’) and
vy

k,s >
to, respectively, the newly detected targets and survived tar-

respectively. The new PTs and legacy PTs are related

gets mentioned earlier, as described in what follows.

+ New PTs: To incorporate in the state space targets
that are newly detected by sensor s at time k, my,  new
PT states yg'sl), =1,... , My, s—one for each measure-
ment z('")—are introduced. Accordingly, ri s)
means that measurement m produced by sensor s at
time k was generated by a newly detected target. We
denote by yj, ¢ [Yfgls)T _<m‘“>T] the joint vector of all
new PT states. Before the current measurements z< m)
are observed, the number my, ; of new PT states y(m)
is random.

+ Legacy PTs: The legacy PT states y(’) represent sur-
vived targets, i.e., targets that have been detected

previously, either at a previous time k' < k or at the

current time k but at a previous sensor s’ < s. The tar-
get represented by the new PT state y%, 7 introduced
due to measurement m’ of sensor s’ at time k' < k is
represented by the legacy PT state yQ) at time k, with
j = jpat Zsu=1mk,sﬂ+ m’. (Note that here, either
k and s < s.)

g) = 1 means that the target that was

k" < k and s, arbitrary or k' =
Accordingly, r
detected the first time via measurement m’ of sensor
s’ at time k' still exists when the measurements of sen-
sor s at time k are incorporated. We denote by y; £
1% (I)T g’“)T the joint vector of all legacy PT states
at time k and sensor s. (The relation between jy, ; and jy,

will be explained shortly.)

New PTs become legacy PTs when the next
measurements—either of the next sensor or at the next time
step—are incorporated. In particular, at time k, when the
measurements of the next sensor, s, are incorporated, the

number of legacy PTs is updated as

jk,s = jk,s—l T Mps—1

with ji, ; = ji._;. Here, ji ¢ is equal to the number of all meas-
urements collected at time k up to sensor s. Note that the
vector of all the legacy PT states at time k up to sensor s
T T
[Xk,s—l yk,s—l]
the legacy PT states at time k, before any sensor measure-
ments at time k are incorporated, is denoted by y,. (Note

can be written as y, ks = . The vector of all

that y,; = y;, and thus for j € {1,...,jp_1 }, y(’) = D for all
s € {1,...,ny}.) We also introduce the ]omt state of all the
new PTs 1ntr0duced attimekasyy, £ [yk’1 yk’n ] After the
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measurements of all sensors s € {1,...,ny} have been incor-
porated at time k, the total number of PT states is

Ik = Jng ¥ Mign, = Jr—1 + Zlmk,s (52)
=

and the vector of all the PT states at time k is given by

ko, Vien]"

This comprises j,_; PTs that have been introduced at previ-
ous time steps and )’ {z1my, ; PTs introduced at time k. Since
new PTs are introduced as new measurements are incor-
porated, the number of PT states would grow indefinitely.
Thus, for the development of a feasible MTT method, a sub-
optimum pruning step removing PTs is employed; this will
be further discussed in Section IX-A6.

With a vector-type model in which the number of targets
is unknown, the derivation of a likelihood function of the
form f(z, ;, my, ;| y3) is complicated by the fact that the num—
ber of PT states depends on the number of measurements®
My s- Thus, contrary to the case of a known number of tar-
gets, described in Sections IV and V, we will use a derivation
of the joint posterior pdf f(y;.;, aj.p by.x | 21.) that does not
involve a likelihood function. The joint posterior pdf and the
corresponding factor graph will be the basis for the develop-
ment of scalable MTT methods in Section IX. We first estab-
lish some pdfs and pmfs to be used in the derivation of the
joint posterior pdf.

C. State-Transition pdf

For each PT state y(k’zl, je{l,.c0jp1}) at time k-1,
there is one legacy PT state yi) at time k. According to Al)
and A2), the state-transition pdf for legacy PT state y, £

[y§ mr (lk 1)T] factorizes as

f(pel yie) = Hf(y(” )

where the single-target augmented state-transition pdf
|y(/> D = fx, 1D | x 1,1 ) is given as follows. If PT

j does not exist at time k — 1, i.e., r(,g) 1 = 0, then it does not
exist at time k either, i.e., Lg) = 0, and thus its state pdf is
0=

fo (Xg)). This means that
0, )=

o sl =)= {2
On the other hand, if PT j exists at time k — 1, i.e., r,@l =1,
then, using Vu3), the probability that it still exists at time k,
ie,r ,(J) = 1, is given by the survival probability p, (x(’) 1), and
if it still exists at time k, its state X(}) is distributed according
to the state-transition pdff(:_(g) | x(lll). Thus

(53)

(54)

faf 1ol
_ {(1 —ps L)) foo (), ) = 0
ps (<) FP [ xf2y), ) =1.

SThis issue can be addressed by using a set-type model as discussed
in Section XI.

=1

(55)
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We note that the difference of the state-transition model
(53)-(55) from the state-transition model for a known
number of targets in (8) is due to the fact that targets may
disappear.

According to Vu7), y, is empty. Thus, no state transition
(53) can be performed at time k = 1 and, consequently, y; is
empty as well. For future use, we formally introduce f@) |

y§) 2 1and f(y|yp) 2 1.

D. Conditional pdf of DA Vector, New PT State, and
Number of Measurements

Using A3)-A6) and Vu4), the prior pmf of the DA vector
2 [alD..
A = [

for new PTs Tis =

(”“)] the vector of binary existence variables
1 )T

2 (-of)

ments m,, . conditioned on the vector of legacy PT states y,, .

, and the number of measure-

is obtained as (see [143] for a derivation)

(@55 T o My | Vi)

mk,s‘|Dak,S|_|Nrk’S|

o N | o
— m:_ys!e I (Iurgs)) ks’ o ~He ( (5))
xw(a)( TI Te)(IT fapd G
me/\/’—ks j€Da

x H (1- 0 p® ).

Here, l//(akas) and D,
with i, i, and n, replaced by j, j’, and j, ;, respectively; j ¢ D,,.

(56)

are defined as in Section IV-B but

is short for j € {1,...,jk,s}\'Dak$ ./\/ s the set of new PTs
that exist at time k, i.e., ./\/;h 2{me {1, My ) r( m — 1};
and Fg("? is defined as

£ a {0, dje{1,...,jis} such that ag,)s =m
B 1, otherwise.

Together the factors y(a, ;) and Hma/\/ F(m> enforce A4),

s P@y 0 T My | 71, )70 only if each measurement is
associated either with a legacy PT or with a new PT or with
clutter, and no measurement is associated with more than
one PT. Note that p(a, , T}, . My, (| y3,.,) in (56) is a valid pmf
in the sense that -

o0
)y Y 2@ Temlyi) =1
Mis=0 g, €{0,1}"ks s

for arbitrary Y.s- The vector of legacy PTs Yi,s may be empty,
i.e., ji s = 0. Inthat case, Daks and {1, cos ks h Daks are empty,
and an expression of p(ay, s Ty My 5| Yies) = P(@ 5o T ss M o)
can be obtained by setting the two products in (56) involv-
ing Daks to 1.

To better understand the structure of LCT R | Vis)>
we next consider four special cases. In the no-new-detec-
tions, no-legacy-detections, no-clutter case, i.e., m, . = 0,
Ty = 0, and a;, ( = 0, expression (56) reduces to

p(ak,s = OsTks =0, Mps = O|Yks)

_ (S) _ (S)
= e eI H<1 -l (=)).
u
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_,© .

Here, e™ is the Poisson pmf of( )the number of newly
detected targets evaluated at 0, e < is the Poisson pmf of
the number of clutter measurements evaluated at 0, and
[T - Lg’)spgs) (:_:g)s)) is the probability that no survived
target is detected by sensor s. In the no-new-detections, no-
legacy-detections, all-clutter case, i.e., m, >0,%, =0, and
a, =0, we obtain

p(a,, = 0,5, = 0,my |y, )

oL -l (/1<S)) " g

H( 1— (1) PSS) (X(J)

— ()
where e/ (,ués))
ber of clutter measurements evaluated at my, .

. /my, ! is the Poisson pmf of the num-
In the all-
new-detections, no-legacy-detections, no-clutter case, i.e.,
T = land a, ( = 0, we have

pa,s =07, =1, my | yi.5)

)™ “‘f)H( -

i p&) (=)
. P )
here e~ (uO)™ i i
where e™" (1) /my, ! is the Poisson pmf of the num-
ber of newly detected targets evaluated at m;, .. In the no-
new-detections, all-legacy-detections, no-clutter case, i.e.,
Mys = jg,s’ T‘k,s =0, and Aps = ag,s’ where jg,s 2 Z;I;?llgj,)s 18
the number of existing legacy PTs and aj, ; is any vector that
assigns exactly one measurement to each existing legacy PT,
we obtain

d - .d
p(ak,s = Apgs Tps = O?mk,s = Jk,s | yk,s)

_ () _
=%|e 1 —ul ,,g) g)(xg))

ks * ]EDak,S

_u® —u® . .
Here, e ™ and e ™ are again the Poisson pmfs of the num-
ber of newly detected targets and the number of clutter meas-

urements evaluated at 0, respectively; [] r(j) pgf) (x@)
j€ ),

is the probability that all eXlstlng legacy PTs are detected by

sensor s, and the factor U]k,s! arises because there are] !

different measurement-target associations and, thus, Jhs!

different agﬁs.

We can express (56) more compactly as

p(ak,s’ T, 5 M s | Xk,s)

jk s (s)
. i i i H
= C(mie) (@) (rllql xf rf afls mk,a) ST
):

me/\ffk S/Uc

(57)

where C(m,, ) is a normalization factor that depends only on
s a0d g7 (xiﬂs, g)s, ;(a’)s M) is defined as

p& (2

)1, af) Dedl,...,
aGLalimyed O aflh e {1,...,my }
1-pP ), aflk=0
q (Xg?s’o’ ag,)s > mk,s) £ 1(88’)3) (58)
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where 1(a) denotes the indicator function of the event a = 0
(i-e., 1(a) is 1 if a = 0 and 0 otherwise).

Next, using Vu5) and the fact that new PT states with
T = 1 represent newly detected targets, the prior pdf of
the states X, ; of new PTs conditioned on ¥, and my is
obtained as

f<xk,s|fk,s,mk,s>=< Il fo&W) (59

me

Il s

‘S,’l'>>)
m e./\/;k

where m ¢ N7, My }\N
Finally, usmg Vu6), we obtain for the conditional pdf of

_is short form e {1,..

a Vi, and my, ¢
(@5 Voo Mies | Yies)
= [Rieis| 0 Te.o M52 Yies) P(A T M| Yies)
= [Ries | T M 6) P(@p 53 T 0 M| Y-
Inserting (57) and (59), we obtain further

f(ak,s’ 7k,sa My s | Xk,s)
jk,s . . .
= C(my.) v(a,) (qul (x, rf%, afl); mk,s>>
}:

x T 712 1) (60)
where v, (Xgrsl)j(kt';), ay ) is defined as
0, 31‘5{1=~-~7f1g3s}
" (Xg';),l, a)e such that ag’s =m (61)
(s) fn (_ﬁm ), otherwise
and
v (%90 a,,) 2 fo (<) (62)

E. Conditional pdf of the Measurements

Using A4), A7), A8), and A9), the dependence of
the measurement vector z,; on yi, Vs aks and my  is

described by the conditional pdf [cf. (12)]

f(Zis| Yoo Tiess> Ao M)
= (M) ( I 10eD1s))
jeDak

x H £ (27 = (63)

mE

[Note that this expression presupposes that r,  and a, are
consistent with A4).] We can write (63) as

B o) ) a0
f(zk,s |Xk,s’7k,s= A5 mk,s) = C(zk,s) l_[qu (Xg,s’ Lg,s’ ag,s; Zk,s)
j=

X HVZ(st > r%";) st>) (64)
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where C(z, ;) is a normalization factor that depends only on z,
(and, thus, also on my ), g, (Xk o 5g> ag)s, 2, ;) is defined as

(X ]_ a(j).z )A f(S)(Zg';”X%,)S)’ ag,)s = me{]‘"“’mk,s}
q2 b b ke 1: ag}s = 0
Q(xD,0, a5z, 2 1 )
and v, (R(k Vg? "Sl)) is defined as
O |=D), 7Y =1
x{m —g{m)- (m)y & f .8 s ) "
V(XS,Y >ZS>— (66)
P { L T =0

The vector of legacy PTs y, ; may be empty, i.e., j,, =
0. In that case, an expression of F(Zs| Vi Vi Ao Mies) =
f(2i 5| Vie.s> k.5 Mps) can be obtained by replacing in (64) the
product involving j,, . by 1.

F. Conditional pdf of Measurements, Number
of Measurements, DA Vector, and Augmented
Target States

The pdf of Z,, A, My, and ¥y, ¢ conditioned on yj, ¢ is
obtained as

[(Zo5 s M Fiess | Vi)

= f(@ Vi M| Yies) f(Zs | Yoo Vi Ao Mies) - (67)
with f(ak,s’ 7k,s> mk,s | Xk,s) given bY (60) andf(zk,s | Xk,s’ yk,s’ ak,s’
my, ) given by (64). Note that f(z, . aj My Vies| Vi) 0
(67) is a valid hybrid pdf/pmf in the sense that

S F(Zes @ My T | Yies) 2 A% = 1
my =0 ks 7, {0, l}m
for arbitrary y; . Using A10) and the fact that the new PT
states ¥, ¢ related to sensors s’ = 1,...,s — 1 become legacy
PT states at the successive sensors s, ..., n,, the conditional
pdf of z,, a,, m, and ¥, given yj, is obtained as [cf. (15)]

f(Z @, my, 31| yi) = s_Hlf (Zos Ao My Vs | Vi) (68)

where f(z, ;, @, , My 5, Vi s | i) is given by (67).
Next, we develop the conditional pdf of z,, a,, m, and y,
given y,_;. We obtain

f(Z1> @, My, ¥ | Yiem1) = f(2p 3 My, Yoo Vi | Yie1)
= f(21> @ My, i | Yio> Yiem1) f (Ve | Yie-1)
= f(2> @ my,, i | 71 f (Y| Y1) (69)

where Al1) was used. [Note that A1l) implies an analogous
assumption in which the x{¥, k' # k in Al1) are replaced
by yi?, k' # k.] In case y,_, is empty, Yi is empty as well

and (69) reduces to f(z, a, My, ¥ | Y1) = f(Zi s M5 )-
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Using again A1l) and the chain rule, the unconditional joint
pdf for all times up to k is given by

k
f(Z100 @1 My s Y1:0) = kH f(zi ap, my, yie | yie—1) - (70)
'

where f(z,, a;, my, y1 | yo) = f(23, a1, my, y1) = f(2, a, my, yy).

G. Joint Posterior pdf and Factor Graph

Next, similarly to Section V, we derive the joint posterior
pdf f(y1.1> @14 b1.1 | Z1.%) and the corresponding factor graph.
As in Section V-A, we start by performing the first stretch-

ing step, i.e., we replace f(yy|z4) by f(¥iparr|2ie)-
With z;., observed, we obtain for the stretched joint poste-
rior pdf
f(YLk’ Ak | Zl:k) = f(y1:k’ L | 21k ml:k)
& f(zlzk’ 1> My YI:k)

k
= kl’_llf (21> s My, Y | i)

where (70) was used. Next, using (69) and subsequently
(68) and (67), we obtain further

k nS
Fe ava| 21) kl:[lf (Y| -1 S:Hlf (@5 Vi, M | Vi)

X f(zk',s | Yi,s Yie,s Ak’ mk’,s)

where we recall that f(y;|yp) = 1. Finally, inserting (53),
(60), and (64) yields

fie 3k | 210)

H(

Jk's .
(nq<xk ) <>>)

y&'&a) v

x Hw(xk«s, I, ay Jvy (=, T 7)) (71)
with f(ng) | yg)) =1land
(=, r ), a%?s;zk,g
2 q i allim ) g D rf allsz,). (72)

Next, we perform the second stretching step, similarly
to Section V-B, i.e., we replace f(y1..» a1k | Z1.1) BY f (F1ek> @1.0
b, | ;). This is done by replacing y(ay ) in (71) by

V(@ by) = H Hw m (@ b{D)
j=lm=1
[cf. (21)] with ¥, (a{),b{") given by (22). The fac-
torization (71) can now be simplified by the follow-
ing modification. Let a,, and b, be a valid pair of DA
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vectors in the sense that ly(ak’s, bk,s) = 1_. Then, the condi-
tion in (61), “Jj € {1, ""jk,s} such that agj’)s =m,” is equal to
“bg'sl) € {1,....jps}.” By inspecting v 6% ,7%’2 sy, ;) defined
in (61) and (62) as well as v, (xg's‘), ré"sl) z(km)) deﬁned
in (66), one can conclude that the product v; (X,2 Y,
r&s s ) V) (x(m) r(k"s‘) ;2), (™Y in (71) can be replaced by
v, Th (m) bi";) ; zim)) defined as

V(X1 b 2{))
0, bim e {1,...

(s)
ZIE» faGED T @D =), bV =0

’jk,s}

1>

(73)

and

v(x{12,0, b(m) st)) fo (=™

With this simplification, the stretched marginal posterior
pdf replacing (71) is obtained as

(74)

f(YI:k’ ks bl:k | Zl:k)

« 11 <ﬁf(y<”|y°’ )
)

k'=1

Jiess

Hq (Xk ,s? rl(ej)s’ ak)s 52k s)

><H

/—\

M R
x le;,m«ag?s,biffw)
m'=

m s
< [ osad).  09)

=
Here, we recall that j, = 0 [cf. Vu7)]. We note that f(y.,,
ay, by | z,,) is still consistent with the original joint poste-
rior pdf f(y1.,| z1.;,) in the sense that

%Zf()’lk’al &> b | zik) = f(y1| Z1)
1 k

which means that the marginal posterior pdfs f(yy (0 | z,.1.)
calculated from f(yy.;, 1.4 b1.p | 21.1) are equal to the ones
calculated from f(yy.; | 21.3)-

The factorization in (75) can now be represented by a
factor graph. This factor graph is shown for the single-sensor
case (n, = 1) in Fig. 4. As a difference from the factor graph
for a known, fixed number of targets shown in Fig. 2(c), for
each measurement, an additional variable node “‘&m)” rep-
resenting the state of a new PT is introduced.

IX. SPA-BASED VECTOR-TYPE MTT
METHODS FOR AN UNKNOWN, TIME-
VARYING NUMBER OF TARGETS

In this section, building on the vector-type system model
presented in Section VIII and the factor graph shown in
Fig. 4, we develop total-SPA MTT methods for tracking an
unknown, time-varying number of targets. An important
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Fig. 4. Factor graph for single-sensor MTT with an unknown, time-varying number of targets, corresponding to the factorization (75) for
n; = 1. Two complete consecutive sections of the factor graph (for times k — 1 and k) are shown; the section for time k also depicts the
messages passed between adjacent nodes. Factor nodes in green represent factors related to the state-transition function, factor nodes
in red represent the remaining factors, and messages are depicted in blue. The time index k and the sensor index s are omitted, and the

following short notations are used: yi. 2 y@,, n,, 2 my_,, ny2j y 2 y‘i) v ey, 2af;, b™ 2 b™), ny 2 my, np 2 2j oY yl2 y‘”

yma A_(m) a] a(]) pm Ab(m) f] Af(y{]) ,y(’)Z)'fl f(y(l)ly 1);(1]

5289 @), vimj2 v L ap@l?), Gm 2 0 [ pm ™), & 2

qo_‘[g)j ’ r[?)p 3’9)1 ’ zk—l)v W—'m 2 YI ,m (ak‘,)lr b, {M))y V—
b{™y;2fm), & 2 qx D, £ P, ad; 2,0, #™ 2 ¥ (2P, b "’"). v 2 v, T, b s 2f™), B 2 1y P ), 052 any®), 12 5P (v ), w52
’gm) (blim))’ Im 2 llgm) (blim))' and S a 9‘:(('")(7:?"))'

2 vl P,
Klg) (a ‘(j) ),

building block of these methods is the “bipartite” formula-
tion of the probabilistic DA problem developed in Section
VIII-G and represented graphically in Fig. 4. This formula-
tion enables the application of SPADA, which leads to excel-
lent scalability and, thus, suitability even for large tracking
scenarios with closely spaced targets. The proposed SPA-
based MTT methods are improved variants of the total-SPA
method presented in [53] and can be seen as SPA-based
versions of the JIPDA filter [2], [63]. Differently from the
method in [53] and the JIPDA filter, they do not use a heu-
ristic to model the generation of new PTs. A particle-based

implementation is described in [53].

A. Single-Sensor MTT
1) and

thus drop the sensor index s. For MTT with an unknown

We first consider the single-sensor case (n, =

number of targets, approx1mat10ns f(y (D) and fy (m)) of the
marginal posterior pdfs f(_ | z,.1,) and f(y (m) | z,.1,) can be
obtained in an efficient way by running the iterative SPA
on the loopy factor graph in Fig. 4. As before, messages are
only sent forward in time. The generic SPA rules in Section
I1I-B then yield the following operations at time k. [With an
abuse of notation, we denote messages that are analogous to
messages in previously presented methods in the same way,

even if the functional forms are different. |
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)
passed from the factor nodes “f(y | <’)_)” to the variable
nodes ¢ y(D are calculated according to

1) Prediction: First, the messages o, (3 = o (xV,

aG ey = T [ 1)
ri1e{0,1} ) )
X Foclyrily) dxil.

Here, f(x(,g) 1> rg) 1) was calculated at the previous time k — 1.
Inserting (54) and (55), we obtain for 18) =1

o 1) = [p L0 fG | D Fel 1) dxi,y

and for r{ =

(76)
0 we have [cf. (51)] ¢4, (gg),O) = a;gi)fD (g(ki)) with

~(j)
o = Fily + [(1 = p(xP2))F(x2,1) dx

where fgzl = [F(x,0)dx{ .
Jon, (x,0)dx{’; furthermore, f(x(kl) 10
according to (51).] Because f(xg)l,rg)
is oy (x{, 1), iLe.,
D fak (X(J) l)) dX(]) =1
rfPef0,1}
Thus, we also have

77)

[Note also that oc(J) =
fk 1fD(X(])

1) is normalized, so

o =1~ [og,(xP,1)dx{).

2) Measurement Evaluation: Once ¢, (:_<§j),1) and a;gi) have
been calculated, a “measurement evaluation” step is per-
formed for both the legacy PTs and the new PTs. For the
legacy PTs, the messages ﬁ}gj)(ag)) passed from the factor
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nodes “q(;_(g), Lg),ag);zk)” to the variable nodes “a,g)” are
calculated according to
A= ¥ foel.r.al;2) o (. ) dxf)
Lg)e{o,l}
= o=, La’; ) e, (x{), 1) dxf) + 1(af)) o).
(78)

In the last expression, we used q(x{",0,a{;z) = 1(a{),
which follows from (72) along with (65) and (58). For the
new PTs, the messages é;gm)(b,(qm)) passed from the factor
nodes “v(x{™, 7™, b{™ ; z{M)” to the variable nodes “b{™”
are calculated according to

0= E o [ol™ T, b 2) dxf

FMe{0,1}
= [vE™,1,b"; ™) dxf™ + 1

where (74) was used. Inserting (73), we find that for bi’") =
0, expression (79) simplifies to

(79

&M (0) = [fu (RE) H™ | ™) dxf™ + 1

[here, we recall that f(z{™ |%f™) = f(z™ | ™)/ f.(2(™)],
and for b<km) # 0, it simplifies to §,§m) (b(km)) =1

For future reference, we note that the belief of the joint
DA vector [az bZ]T is obtained as

i on ) T )
p(a, by) « w(ay, bk)(l_llﬁé’ (ak’))> Hlflgm)(bl(gm) (80)
= m=

where y(ay, by,) is given by [cf. (21)]

Jk=1 My

v(ay, by) = H

¥jm (@), b{™).
j=lm=1
3) Iterative Probabilistic DA: Next, probabilistic DA is
performed using the iterative SPA-based algorithm from
Section VI-A, which yields at each iteration ¢ the messages
gp{fi]’m_)b&m)(b%m)) and v[\ﬁlmﬁag>(ag>). Here, the messages
ﬁ,gj)(ag)) from (78) are used in (27) and (29), and the mes-
sages §,§m)(bg")) from (79) are used in (28). After the last
iteration ¢ = n, the messages passed from “ag)” to “q()_(g),
1, all; z,)” are obtained as
N m .
o @) = TT Al o (@) (8
and the messages passed from “b{™” to “v(@{™, 7{™,b{™ ;
zg"))” are obtained as
Ji=1
(" bf) = [Ty (™), (82)
=1 Y
For an efficient implementation, one can use SPADA.
The messages v£"“](m_>]> in (31) and (plgn“m_)m) in (30) then
have to be converted into the messages v\[lf;l;]_) ag)(a(k») used
in (81) and ‘P‘[y?f,;]abgm(bﬁm)) used in (82), respectively. For
véni‘](m_’]), this is done as explained in Section VII-A2. For
pplG=m), similarly, (o.[;;}:j_)bgm> (bEM) = fdi=m) for b}(gm) =j
and ol (b{™) = 1 for b™ # .

4) Measurement Update: A “measurement update” step
is now performed for both the legacy PTs and the new PTs.
For the legacy PTs, the messages y,gj) (gg), r §>) passed from
“q(}_(g), T g), ag) ;2,)” to “yg)” are calculated according to

. . my . . . e
W 1) = 2 q(x.1,a0; 2) 9 (a?)

ag =0

and % (x{,0) = %) with
W = x(0).
For the new PTs, the messages ¢i™ (x{™, T{"™) passed from
W@, 7, b ; ZMY” to “pi™” are calculated as
m) /(m /‘tﬂ =(m m) | sm m
o™ (Z.1) = Zfu R F(A™ |Z() (™ (0)
and ¢{™ (x{™.,0) = ¢{™ f;, (x{™) with
Je=1
&= X o).
bf™=0

5) Belief Calculation: Finally, for the legacy PTs, beliefs
f(X,(J)) =‘f()_(,9), r g)) approximating the marginal posterior
pdfs f(Xg) | z1.) = f(}_q(g),Lg) | ,.1,) are obtained as

fafhn) = Cig)ak (xf,1) 5, (xf.1) (83)
and f(x{,0) = f {7 fp, (x{”) with
0=l (84)

where Qg) 2 [o ()_(g),l) y,§i> (gg),l) d)_(g) + a,g) }/79). Similarly,
for the new PTs, beliefs f(y{™) = f(z{™, 7{™) approximat-
ing the marginal posterior pdfs f(?%zm) | z1.) = f()_(g")ig"”
z,.,,) are obtained as

Fxm,1) =$9§"‘> &™,1) (85)
and f(x{™,0) = F{™ f, (x{™) with
T(m 1 m
fim = @gﬁ ) (86)

where C;{m) S /gém) (X(km) ’1) d}gm + glgm)

6) Target Declaration, State Estimation, and Pruning: For
the legacy PTs, beliefs p( Lg)) approximating the marginal
posterior pmfs p(L(kj) | z,.;,) of the existence indicators r g) are
obtained from the beliefs f(;_(,g), T g)) as

p) = [F Gl ) s

Target detection—hereafter termed “target declaration”
to avoid confusion with the detection performed by the
sensors—is now performed by comparing p( Lg) =1)toa
threshold Py, i.e., legacy PT j is declared to exist at time k if
f)(L(kD = 1) > P, [148, Ch. 2]. For these PTs j, state esti-
mation is then performed, e.g., using (3) with f(x;]z;.,)
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replaced by f(}_q@,Lg) =1) /ﬁ(Lg) = 1). For the new PTs,
target declaration and state estimation are done as for the
legacy PTs but with f(xg) rk)) replaced by f(x(m), Tﬁm)).
Finally, a pruning step is typically performed. According
to (52), the number of PTs would grow with time k.
Therefore, legacy and new PTs whose existence beliefs
p(zf) = 1) and p(r{™ =
old P, are removed.

1), respectively are below a thresh-

B. Multisensor MTT

For multiple sensors (ng > 2), the factor graph dif-
fers from that for a single sensor shown in Fig. 4 in that
an additional section of the factor graph is introduced for
each additional sensor, and for each time k, there is a factor
node ¢ f(y(’) |y$2,)” in the section corresponding to the first
sensor. The total-SPA MTT method for an unknown, time-
varying number of targets presented in the previous subsec-
tion can be extended to the case of multiple sensors by using
a sensor-sequential or sensor-parallel processing. In either
case, the first step is the prediction step, i.e., calculation of

the messages o, ()_(g), r §J>) according to (76) and (77).

1) Sequential Processing: As in Section VII-C1, message
passing operations are performed sequentially for each sen-
sor s = 1,...,n,. [However, contrary to MTT methods for
a known number of targets, the sequence of sensors was
already defined in the derivation of the factor graph; see
Section VIIL.] Let us denote the beliefs—for both the leg-
acy and new PTs—calculated at the (s — 1)th sensor update

step [i.e., at sensor s — 1] as st— x (1>),j =1, jps [We

Xps> L

recall from Section VIII-B that y, . = [yg’s_1 75)5_1]T
jks = Jrs—1 T Mps—1-] These beliefs serve as input to the
sth sensor update step [i.e., at sensor s], in which the mes-
sage passing and belief calculation operations described in
Sections IX-A2-IX-A5 are performed. This sensor-recur-
sive processing is initialized by f, (Xg), i ) = (x(i) rg))
ji=1,
[Recall thaty,; = y,andj,; = ]k 1-] Thebeliefs fns (xg)nS .
j =1 jun and f, (x(kr?l)s Tk )) m = 1,...,my, calculated
at the last sensor s = n take into account the measurements
of all sensors; they are used for target declaration and state
estimation as described in Section IX-A6, and to perform
prediction at the next time step k + 1.

and

->Ji,1» Which were calculated in the prediction step.

J))

An advantage of this sensor-sequential method over the
sensor-parallel method considered next is that it performs
sensor fusion for new PTs and it executes SPADA only once
per sensor. On the other hand, sequential processing is not
well suited to a parallel or distributed implementation.

2) Parallel Processing: The SPA-based message passing
method for sensor-parallel MTT can be summarized as fol-
lows. For all sensors s > 2, the messages o, (X r(kl)) j>
je—1 are not available and are thus initialized by o (X,J)S,O)
=fp (X )) and o, (Xk s,l) = 0. (These messages belong to
legacy PTs at sensor s and to new PTs at sensors preceding
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sensor s with respect to the sensor ordering defined in
Section VIIL.) Then,
described in Sections IX-A2-IX-A4 are carried out sepa-
rately for each sensor s € {1,..., ng}. As a result, for each
sensor s € {1,...,n,}, messages’ ’)(xk o X (D) = y,gz(;_:g),
ri’)) are avallable for each legacy PT j € {1,...,j,_; }, and
messages gkm) (X(m) rg")) are available for each new PT m
€ {1,...,m}. Finally, beliefs approximating the margmal
postenor pdfs for the legacy PTsj € {1,...,j,_1 }, f (y | z1.) =
f(xk r§g> | 2,.1.), are calculated as [cf. (83) and (84)]

) n,
Fxi, Hn§ (=, ).

Furthermore, beliefs approximating the margmal poste-
rior pdfs for the new PTs, f(7(k"sl) | z.) = f(if%s ST, S) | z1.1.),
forse{l,...,n}andmef{l,..., mkys}, are directly obtained as
[cf. (85) and (86)]

F=i2,

This method facilitates a parallel or distributed imple-
mentation. On the other hand, its performance may be
poorer than that of the sequential method described previ-

the message passing operations

1) o o) (s, o

)o< gk )(X(M) ,.(kr’rsl))'

ously. This is because no sensor fusion is performed for new
PTs, i.e., each sensor attempts to infer new targets individu-
ally. As demonstrated in [53], the computational complex-
ity of sensor-parallel processing scales strictly linearly with
the number of sensors n. We note that, similarly to [52],
sensor-parallel processing can be extended to multiple SPA
iterations over an “outer loop” that spans across the differ-
ent sensors. In this way, sensor fusion gains can be leveraged
also for the inference of new targets. However, this comes
at the cost of an increased computational complexity since
SPADA has to be executed multiple times for each sensor
(once for each outer-loop iteration).

X. INTRODUCTION TO RANDOM
FINITE SETS

We now turn to the set-type MTT methods. We first
give an introduction to RFSs, which underlie the set-
type system model and MTT methods to be presented in
Sections XI-XIII.

A. Basic Description

AnRFS X = {x ...,
point process [149], [150]) is a set-valued random variable
whose realizations X are finite sets {X(D,...,x(”)} of vec-
x™ e R%, Both the number of elements n =
|X| € Ny—the cardinality of X—and the elements x@ are
random, and the elements x® are unordered. Adopting the
framework of finite set statistics (FISST) [3], an RFS can
be described by its pdf fx(X'), briefly denoted f(X'). For a

x(™} (also known as a simple finite

tors X(l),...,

"We recall that forje{l,....jr-1} Xéj)& = Zg) foralls e {1,...,ng}.
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realization &' = { x ,...,x(")} with cardinality | X| = n, the

pdf is given by

O = F({xD,...,x™WY) = nl p(n) f, xV,..., x

Here, p(n) £ P{|X| = n} is the cardinality distribution, i.e.,
the pmf of n = |X|, and f, (x(l) ey X(")) is a pdf of the random

vectors xV ,---» X" that is invariant to a permutation of its

My, (87)

arguments xM_ Tt will be convenient to define the set inte-
gral of a real-valued set function g(X') as [3]

Jg(X)sx2 2 i fa g (AxY s xWh dxV.dx ™. (88)
For an RFS pdf f(X'), we have /f(X) sX=1.

For an RFS X, the probability hypothesis density (PHD)
D(x) :R% - R is defined by the property that its integral
over a region S C R equals the expected number of ele-
ments present in S, i.e., [SD(x)dx = E{|Xn S|} [3]. An
expression of D(x) in terms of f(X’) can be found in [3].

B. Special RFSs

Next, we review four types of RFSs that are especially
relevant to RFS-based MTT methods. Given the cardinality
|X'| = n, the elements of a Poisson RFS X are iid with some
“spatial pdf” f(x), i.e.,

Fu 0 x) =TT = T ).
=1 xeX

Furthermore, the cardinality is Poisson distributed with
mean g, ie., p(n) = e “u"/n!, n € N,. Hence, (87) yields
the pdf of X as

fX)=e ™ [ uf(0).
xeX

The PHD of the Poisson RFS is given by D(x) = u f(x); it is
also known as the intensity function.

A Bernoulli RFS either contains one element x with
probability of existence r or is empty with probability 1 — r.
If it is nonempty, the element x is distributed according to
the “spatial pdf” s(x). Hence, the RFS pdf is given by

1-r, X=0¢
f(X)=1 rs(x), X={x (89)
0, otherwise.

We note that }; yf(1>(X) with normalized y (i.e., X5;% = 1)
and Bernoulli pdfs f D(x)is again a Bernoulh pdf.

A multi-Bernoulli (MB) RFS is the union of n. independ-
ent component RFSs X(j), j =1,...,n., which are Bernoulli
RFSs with existence probabilities r® and spatial pdfs sD (x).
Let f(X) denote the pdf of Bernoulli component X% To
express f (&) for a realization X' = {xD ..., x"M1} of cardinal-
ity n < n., we introduce a mapping « of an index j € {1,...,
n.} to an index «a(j) € {0,...,n}. This mapping is such that
the set of all «(j) includes {1,...,n}, and j; # j, with «a(j;),
a(j;) € {1,...,n} implies a(j;) # a(j,). In our context, o

Message Passing Algorithms for Scalable Multitarget Tracking

conveys a mapping of n of the n_ Bernoulli component pdfs
f D) to single-vector element sets {x(*0)} and the other
n. —n Bernoulli component pdfs to empty sets. Let P, ,
denote the set of all such “components-to-elements” map-
pings o; note that | P, | = n.!/(n. — n)!. The pdf can now
be expressed as [51]

f= 3 Hf") (0 (90)
ae Ne. Vl]_
where n = |X'| and & (0D s { x (0D for a(j)e{1,...,n}and

@ for a(j) =0

A labeled MB (LMB) RES is an MB RFS where each
state variable is augmented by a label [108]. More specifi-
cally, a track-labeling function 7(-) assigns to each Bernoulli
component XO), j € {1,...,n.} a distinct label [ € L,
where £ = {z(j):j € {1,...,
LMB RFS is a set X' = {(x,1W), ..,
D 1N eRéx £,ie{l,...
pdf is given by [108]

n.}}. The realization of an
(x("),l(”))} of tuples
n}, with 1D 210 for i 2. The

f) = [T (20 o
j:l

where f% (X) is the pdf of Bernoulli component X and
A0 i given by X0 = ((x 10y e x: 7(j) = 1D,
For sets X' = {(x, 1), ..., (x™, 1™} that have elements
with nondistinct labels, i.e., 3i,i’ with 10 = 1) = 2(j), we
have | X (7(7))| > 1and thus f(X) = 0 according to (89). Note
that in the evaluation of f(X’), a sum over all possible com-
ponents-to-elements mappings as in (90) is avoided since
the mapping is fixed, i.e., given by the labels ) reens 1,

XI. SET-TYPE SYSTEM MODEL

The system model for set-type MTT describes all the target
states and all the measurements of a sensor as time-varying
RFSs. Several set-type system models are available. In par-
ticular, the “unlabeled” model proposed in [51] and [107]
describes newborn targets by a Poisson RFS. The posterior
pdf consists of an MB mixture component representing
detected targets, which are targets that potentially exist and
generated at least one measurement so far, and a Poisson
component representing undetected targets, which are tar-
gets that potentially exist but did not generate any measure-
ment yet. (The latter are termed unknown targets in [51]
and [151].) A new Bernoulli component is generated for each
measurement, representing the hypothesis that this meas-
urement is the first detection of a target that was previously
undetected and thus was previously modeled by a Poisson
component. This model is able to maintain track continuity
implicitly based on information provided by metadata. As an
alternative, the “labeled” model proposed in [108] and [109]
explicitly maintains track continuity through labels. Target
birth is modeled by an LMB RFS, where each Bernoulli
component represents a potential new target and has a dis-
tinct label. In cases of limited prior birth information, one
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typically uses a heuristic to generate new Bernoulli compo-
nents based on measurements from the previous time step
[109]. Such heuristics can be avoided with the MB-Poisson
model [51], [107].

Here, we propose a hybrid “labeled-unlabeled” system
model that combines the benefits of the unlabeled and labeled
models, i.e., generation of new Bernoulli components based
on the Poisson RFS modeling of undetected targets and index-
ing of already detected targets by a distinct label providing
explicit track continuity. We represent targets that have been
detected by an LMB RFS and targets that remain undetected
by an unlabeled Poisson RFS in which each component is for-
mally augmented by the same nonunique label [, = 0. When
a target is detected for the first time, this “dummy” label is
replaced by a new unique label that identifies the underlying
measurement. This is not the result of an update step but an
incorporation of exogenous information; it can be seen as an
additional external measurement of the label.®

A. State-Transition pdf and Prior Distribution

1) Assumptions: The entirety of the target states is mod-
{0 I, s O, 1)
Furthermore, we use the following assumptions in addition
to the common assumptions A1)-A11) 3], [51].

eled as a time-varying RFS X, £

S1) The number of targets, i, is time-varying and
unknown.

S2) The target states (elements of X;,) are unordered.

S3) A target i that exists at time k — 1 survives (i.e.,
still exists at time k) with survival probability
P, (x%‘zl) and disappears with probability 1 -
Ps (xk‘zl). The survival probability p, (X,(;zl) does
not depend on the target label. Targets that survive
preserve their label.

S4) Eachtargetiisasurvived target or a newborn target.

S5) The states of the newborn targets at time k are
independent of the states of the survived targets at
time k.

S6) The states of the newborn targets at time k are iid.
Each of them has label lg) = 0 and is distributed
according to the birth pdf f, (x(ki)).

S7) The number of newborn targets at time k is Poisson
distributed with mean .

S8) At time k = 0, all target states have label 18) =0
(since no targets have been detected); they are iid
and distributed according to a prior pdf f, (xg)).

S9) The number of targets at time k = 0 is Poisson dis-
tributed with mean .

The overall multitarget state RFS X,, is the union of the RFSs
of the detected and undetected targets, i.e.,

X, = X§ U X (92)

81f the label is viewed as a proxy for the trajectory, the formulation
in [153] provides a similar result directly via a Bayes update.
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Here, Xi is a labeled RFS whose elements have unique
nonzero labels, and X}: is an unlabeled RFS whose ele-
ments have the nonunique dummy label Ik = 0. The label of a
detected target is a unique identifier of the first measurement
generated by that target. Undetected targets become detected
targets as soon as they produce a measurement; conversely,
detected targets cannot become undetected targets.

2) Detected Targets: Let

.d
A{(X(l) (1)1) (ngil) (w 1))}

comprise the states of the detected targets that existed at
time k — 1. Because of Al), A2), and S3), each detected
target j that existed at time k — 1 gives rise to a—possibly
nonexistent—“survived target” at time k. The state of this
survived target is modeled as a Bernoulh RFS Xk N [cf. (89)]
with r = p (x(’)l) and s(x;,) = f(xk|x ). The associated
multitarget (RFS) state-transition pdf is thus

F 10D
1- Ps (Xgll),
ps (20 f( | x21), X = {3, 1020)}
0,

In view of A2), S1), and S2), the overall multitarget state
RFS of the detected targets at time k is the LMB RFS Xk =
{(x(l) , |(1))’ (x('k) ('k))} g1ven by

lkl

Xf = .ka)

X]g’) =9
(93)

otherwise.

94

Here, because of A2), the Bernoulh components Xk j are
conditionally independent given X

The joint evolution of the detected target states is
described by the multitarget state-transition pdf f (xd 2l e k 1 )s
where Xd— {(x<1> 1Dy, ..., (x® 1) and X8, = {(x{Y;,
(1>), (X(”" 0, G- 1))} [Note that l;fj < 12_1,
il = 12_1 if all survived targets exist at time k and
i <id_ otherwise.] Using (94), one obtains [108]

fxg| ety = Hf(X;f(’” G212 )h

where f( {0 [{(xf2 ), DD is FC {21 12} in
(93) evaluated at X = X“(’)) ={(x{",1 @) eX{: j) =19},
[We recall that 7(-) is the track-labeling function of the LMB
RFS introduced in Section X-B.] As discussed after (91), for
sets X' with nondistinct labels, f(X |Xk 1)=0.Atk=0,
we have XO =

where

(95)

3) Undetected Targets: Let A}, {(Xﬁl_)l,O),...,
(xggil),O)} comprise the states of the undetected targets
that existed at time k — 1. Because of Al) and S3), each
undetected target j that existed at time k — 1 gives rise to
a—possibly nonexistent—survived target at time k. Again,

the state of this (undetected) survived target is modeled as a
Bernoulli RFS X};’j with pdf f(X}; |{(xg) 1,0)}) given by (93)
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(with obvious modifications). Furthermore, there may be
targets newly appearing at time k. The entirety of the states
of these newborn targets will be described by an RFS T,
Because of S6) and S7), I, is a Poisson RFS with mean 1, and
spatial pdf f, (x,), and all elements have label [, = 0. Thus,
the intensity function of I, is A, (xy,,1L,) = i fp (%) 1(L)-
With S4) and S5), the overall multitarget state RFS of the

undetected targets at time k, X, = {(xg),O), L(x} (i) 001
is then obtained as
ik u
X} = jL:Jle,j Ul (96)

Here, because of A2) and S5), the components X‘,:’j and I,
are all conditionally independent given X}_;.

The joint evolution of the undetected target states is
described by the multitarget state-transition pdf f(X'; | X;_;)
where XV = {(x{",0), ...,(xgﬁ) ,0) }. Let obe a mapping of an
indexje{l,...,i}_;} to an index a(j) € {0, ...,
ping is such that j; # j, with a(j;), a(j,) € {1,..
a(jy) # a(j,). Furthermore, let M;u  w be the set of all pos-
sible mappings . Using (96), (93), and (90) together with
S6) and S7), one obtains [3, Ch. 13]

fexlay 1>=e-”b(i1f[1ubfb<x%>>> <ﬁ<1—ps<x821»>
ps (2D FGA70 | 2)

ia()>0 (1 = pg (xE2)) fiy (0’
97)

i, }. This map-
.,m} implies

X
oeM

Y
Te-1slk

An analysis of this expression shows that for o(j’ ) > 0, target
j survives and its state x{J 0, is mapped to X%“(J )), whereas
for a(j") = 0, target j does not survive. At k = 0, due to S8)
and S9), Xj is a Poisson RFS with mean Hy and spatial pdf
fp(x0), and all elements have label [, = 0.

B. Likelihood Function

The entirety of the measurements of sensor s at time
k is modeled as a time-varying RFS Z, £ {z(l) ’“)}
Let &}, = {(X b l(l)) (X(lk) l(lk))} be the set of the states
of the targets at time k. Based on A5) and A9), a—possibly
nonexistent—measurement zp originating from target j is
modeled as a Bernoulli RFS 7, ; [cf. (89)] withr = pss) (x(’))
and s(z, ) = f(z, | x ’)) Both r and $(z;) do not depend on
the target label. The associated RFS likelihood function is
thus given by

1-pf (=), 2y =0

P ) f(zos | XD, Zisj = {215} (98)
0,

fCusil i) =

otherwise.

Because of A4) and A9), the entirety of the target-origi-
nated measurements then forms the MB RFS U}l»';lzk,s,;.
Furthermore, the entirety of the clutter-originated meas-

urements is described by an RFS A, .. Because of A6) and
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A8), Ny is a Poisson RFS with mean y() and spatial pdf
f (S)(zk .) and, thus, intensity function A% (Z,s) = t1e O f6) (g, o
Using A3), A4), A8), and All), the overall measurement
RFS at sensor s and time k, Z,; = {zkS - zg";kys) }, is then

obtained as

iy
zk,s = <]~L:lek’5’j) v /\k,s'

Here, because of A7), A8), and A9), the components Zpsi
and A, are all conditionally independent given X,

The dependence of Z, ; on the multitarget state RFS X, =
{(x (D I(D) (ik),lgk))} is described by the single-sensor
multltarget hkehhood function f(Z, (| A}). Using (99) and
(98) together with A6)—A9), one obtains [3, Ch. 12]

(25 %) = e ( Hﬂ<s)f(s) (Z(m)))
x X HG(XQ) a(j); zi.5)

oeMip i, j=1

where g(x{, a(j); 2, ¢) is as in (14) with a( ) replaced by a(j).
An analysis of this expression shows that for a(j) > 0, target
j [with state Xg)] generates measurement z,(q'f;(i)), whereas for
a(j) = 0, target j does not generate a measurement at sen-
sor s. Note that due to missed detections and clutter meas-
urements, the number of measurements m, ; may also be
smaller or larger than the number of targets ij,. According to
(100), the measurements do not provide information about
the target labels. (If the labels could be measured as well,
there would not be a DA uncertainty.) Comparing (100) with
(17), it can be shown that for i), fixed,’ f(Z1s] ) = my ! %
f(2,5-myp 5| x)- This is not surprising as the assumptions
underlying the vector-type and set-type measurement mod-
els [i.e., A3)-A9)] are equal.

Finally, using A10), the multisensor multitarget likeli-
hood function is obtained as

EARSES | (= WED

where Z, £ (Zk,l yeees Zk,ns) is an ordered list of the sets Zk,s'
For later use, we also introduce the ordered list 2, £

(Z1rr 2.

99)

(100)

(101)

XII. SET-TYPE MULTITARGET STATE
PROPAGATION

In this section, extending [113] and [51], we develop predic-
tion and update steps for the set-type system model from
Section XI. The prediction step and an approximation of the
update step will be used in Section XIII to devise a hybrid
labeled/unlabeled variant of the TOMB/P filter proposed in
[51] and [113]. We consider the single-sensor case (n, = 1)
and thus drop the sensor index s. We note that two alterna-
tive derivations of our results are provided in [51] and [151].

Here, the factor my ;! is related to the fact that f(Z), ;| A},) integrates
to one using the set integral (88) whereas f(z, s, m; | %;) integrates to one
using conventional integration.
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According to (92), the multitarget state RFS X, is the
union of the detected target RFS Xﬂ and the undetected tar-
get RFS Xj. It can be shown [51] that the posterior pdfs of
Xg and X}, can be propagated in parallel, in both cases by
carrying out a prediction step and an update step. While the
two prediction steps are performed completely separately,
the update step for X{ involves the prediction results for
both Xg and Xj. We note that explicit propagation of the
pdf of the undetected targets X}, enables the consideration
of targets that were born at an earlier time but so far have
not been detected by any sensor. This ability is beneficial
especially if the detection probabilities p4(x;) are low, time-
varying, or nonuniform (i.e., different for different values
of x;,).

In the following development of the prediction and
update steps, we use the fact that the posterior pdf of the
overall multitarget state RFS X;,_, at time k — 1 factorizes as

(X1 | Z1-1) = f(X2—1 | 21D f(X 1| Z1g-1)- (102)

Here, according to Section X-B, Xg_l is an LMB RFS con-
sisting of | £,,_; | Bernoulli components, where £,,_; is a set
of nonzero labels. Furthermore, X}_; is a Poisson RFS with
mean parameter u_;, spatial pdf f,(x,_;), dummy label
l,—; (which is 0) and, thus, intensity function A;,_; (xj,_;,
Leey) = 81 f (1) 1(,_). The sets X | and X} in (102)
are given by X;j_l ={(Xp_1> ) € Xpq: [ 2 0and X}, =
{(Z—1,li-1) € Apq:le_; = 0}. Indeed, for k-1 0,
the form in (102) is a consequence of the initial condition
defined by S8) and S9), which implies that at k = 0, X, =
X is a Poisson RFS with intensity function g (xy,ly) =
Hofp (%0) 1(l)- For k — 1> 1, it can be shown that the form
in (102) is preserved by the prediction and update steps
presented in what follows, and therefore it is valid for all
values of k — 1. [We note that this fact was proved in [51]
and [151] for the unlabeled case, and according to [151] the
proof passes unchanged in the labeled case.]

For simplicity of notation, we will index the existence
probabilities and spatial pdfs of the Bernoulli components

directly by their labels (a551gned upon first detectlon) ie,
we write them as r(l) 1 and s s 21 (Xk ) rather than r(f R0 and
Sk 1(l)) (%3,_1), respectively, w1th e Ly

A. Prediction Step

In the prediction step, the preceding posterior pdf
f(X,_1| Z214-1) is converted into a predicted posterior
pdf f(&X,| Z1,-1) via the RFS version of the Chapman-—
Kolmogorov equation [cf. (1)]

f(Xkl Zl:k—l) = /f(Xk | Xk—l)f(Xk—l | Z1:k—1)5Xk—1-

The posterior pdf of the detected targets, f(XZ|Z.),
and that of the undetected targets, f(X}|Z,) =
f(A}), can be predicted separately. [Note that X}, is inde-
pendent of Z;.,, but impacted by the characteristics of the
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detection process—in particular, by p4(x;,).] These pre-
dictions involve the state-transition pdfs (95) and (97),
respectively.

More specifically, f(X£|lek—1) is again an LMB pdf,
with the Bernoulli parameters rgl)k_l and s(kl|)k—1 (x,) given by

r;ﬁ? 1-% 1/P5(Xk 1)3

J (] %e=1) Ps (K1) 821 (K1) d g
IPs (Xe-1) 821 (1) Ay

forl € £;,_;. If at time k — 1 the existence of a target is per-

1(%—1) dxjy (103)

i (%) = (104)

fectly known, i.e., rg) 1 =1, and if also p,(x;,_;) = 1, and thus
r,(gll)k_l = 1 according to (103), then the spatial-pdf predic-
tion in (104) simplifies to the conventional prediction for a
single target performed by the JPDA filter [see (38)]. In the
general case, (103) and (104) correspond to the vector pre-
diction (76) [here, rﬂﬁz_l s(kl|)k—1 (x3,) corresponds to ey, (x3,,1)].

Furthermore, f(X}}| Z,.,_1) is again a Poisson pdf, whose
state intensity function is given by

Ae—1 (K> ) = 1(1) Jf | Xm0 Py (Xe-1)

X A1 (K15 b1 = 0) Aoy + Ay (X5 p)-
This prediction step converting A;_;(X,_;,l,_;) into
Meji-1(X> i) is equivalent to the prediction step of the PHD
filter [111]. The labels of the elements of f(X}| Z;,,_) are
again [, = 0. It is important to note that the entire prediction
step preserves the LMB—Poisson model assumed for X;,_;.

B. Update Step

In the update step, the predicted posterior pdf f(A]
Z1.,—1) is converted into the posterior pdf f(}, | Z1.,) via the
RFS version of Bayes’ rule [cf. (2)]

,f(Xk | Zl:k) “f(zk | Xk)f(‘)(k | Zl:k—l)'

Here, the single-sensor multitarget likelihood function
f(2,|X,) [see (100)] incorporates the current measure-
ment set Z,.

1) Update for the Detected Targets: The posterior pdf
describing the detected targets is given by [51]

fX 21 = ;;p<ck>f££“<xz> (105)
= Zp(e) IO (106)

where Xd = {(Xg) 1Dy, .. (X(ig) l(i(’b)} ¢, is a DA vec-
tor w1th entries ¢{, | € £;, and pmf p(c,) (see below),
f(lc )(X( )) is a Bernoulli pdf, and XY = {(x{?,1V) e
Xy 410 =), According to (91), we have that
D
far = IO @)
eLy,

is an LMB pdf. Thus, (105) means that f(.)(k | Z1.,) is @ mix-
ture of LMB pdfs, where each LMB pdf is indexed by ¢,
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weighted by p(c,), and consists of | £, | Bernoulli compo-
nents. The label set is updated as

L,=L, 0Ly (107)
where L,_; corresponds to legacy components that are
taken over from time k — 1 and £V corresponds to new
components that were undetected so far and generate a
measurement for the first time. Note that £, ;n L;*" = @
and thus | £, | = | £,_q| + | L] For each measurement
m € {1,...,m; }, a new Bernoulli component is created, to
which the unique label [ 2 (k,m) € L}*V is assigned. Thus,
in particular, | £, | = my,.

The legacy and new Bernoulli components are the set-
type counterparts of, respectively, the legacy and new PTs
used in the vector-type system model described in Section
VIII. In the vector-type system model, the number of PTs
increased roughly linearly with time k [see (52)]. As evi-
denced by (107), the same increase is now exhibited by the
number of Bernoulli components f (Lef?) (X (kl)) in each LMB
pdf f ngMB (X g) In addition, the number of possible associa-
tion vectors ¢, and, in turn, the number of different LMB
pdfs f LL,kMB (X,?) increases exponentially. These issues will be
addressed in Section XIII-A.

It will be convenient to partition the DA vector ¢, =
[C<kl>]leﬁk in (105) and (106) as ¢, £ [a, bE]T, with the “legacy
component” DA vector aj, = [a,(gl)]lE 2., and the “new compo-
nent” DA vector by, = [bg)] lecpev- The entries of these vectors
are defined as follows. Forl e £;,_;, cg) = ag) with

me{l,...,m}, ifattime k,legacy component

generates measurement m

af’ 270, if at time k, legacy component !

does not generate a
measurement.

Forle L, cg) = b(kb with

I'e Ly_q, if at time k, measurement m is
M a generated by legacy component I’
by’ =
0, if at time k, measurement m is

not generated by a legacy component.

[We recall that I = (k,m) for | € £;*".] These definitions of
ag) and bg) are similar to (10) and (20), respectively. Note
that ¢, € {0, ...,mk}lck‘l‘ x ({0} u Ly,_1)™. To guarantee
that p(c,) = 0 for all ¢, = [af b}]" that violate A4), similarly
as in (21) and (22), we introduce the indicator function

mp
v(a,b) = [ TI¥m@.bf"™)

leL)_ym=1
with
0, al =m, bF™ 21

Yim (a@,bfzk’m)) S or bﬁk”") =1, ag) m

1, otherwise.

The DA pmf p(c;,) is now given by

p(ck) = p(ay, by)
x w(ak,bw(l II ﬁé”(a&”)) T &P o)

lelpe

(108)

where the association weights ,6’,51)() and f}gl)(-) are calcu-
lated as follows. For I € £,,_;, we have for ag) =mef{l,..,
m,}

AP (m) = 1 CP (™)

with C{2(z™) £ [f(z{™ | %) pa(x) st (%) dx;, and for
) _
ak =0

AP (0) =1~ D

with Dg) 2 [pg (Xk)sgl)k_l (x,)dx;,. For 1 = (k,m) € LV, we
have &P (bP) = 1if b{¥ # 0, and

gl=km) 0y = (™) + 4. (™)

ifbf) = 0, with Cjt (™) 2 [£(2{™ | %) pa (%) A1 (¥ [ = 0)
x dx;, and At(z,(em)) = uf. (zg")). It can be shown that for
pa (%) iﬂ|k_1(xk,lk = 0) = u,f,(x,), the joint marginal DA
pmf p(c,) = p(ay, b,) in (108) equals the belief p(ay,, by,) in
(80), i.e., the belief calculated by the total-SPA method for
an unknown number of targets.

Each Bernoulli component f(l’cg>>()((kl>) in (106) is
parameterized by an existence probability rg’c ) and a
spatial pdf S(kl,cL’)) (x;,). These parameters are calculated as
follows. Let us first consider the legacy components, i.e.,
le L,_;, where c,(eb = a;g). Here, the existence probability
is given for ag) e{l,...,m,} by r(kl’ag)) = 1 [this means that
legacy component | corresponds to an existing target that
generated measurement m = ag)] and for ag) =0by

T(l’o) _ rgﬁ{—l (]- - Dg))

S r— (109)
SRR
The spatial pdf is given for all ag) €{0,...,m,} by
D. 1
X, ah’ 5 Z,) Shik_1 (X
s(kl,a;p) (x) = 9(x> a3 ) shfl-1 (%) 10)

Ja(xi,af?; 2) sflr (x1) dx,

where g(x;, ag) ; z;,) was defined in (14). Next, we consider
the new components, i.e., [ = (k,m) € LL*", where c(kl) =
b{). Here, the existence probability is given for b{’) = 0 by

Ci (™)
Ci (™) + 4c (2™
and for bg) #0by r(kl’bg)) = 0 (this means that measurement

m was generated by a legacy component). The spatial pdf is
given for bg) =0by

rg:(k,m),o) — (111

- £ | %) pa () Afpor (%l = 0)
sf=Cm.0) (5 ) = |

112
Ch(2™) (2
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whereas for b() #0, s(l by )(x ) does not need to be defined
[since r,g b)) = 0].

2) Update for the Undetected Targets: We recall that for
the targets that remain undetected, the posterior pdf f(X}|
Z1.) = f(X}) does not involve Z,,, [although it involves
pqa(x)]. The update step for these targets yields again a
Poisson pdf f(X'};), whose intensity function is calculated as

A (%> ) = (1 = Pa (%)) Afi—1 (% b)-

This is equivalent to the update step of the PHD filter
[111] for the case where the sensor does not produce
any measurements. The labels of all elements of A’} are
again zero.

XIII. SPA-BASED SET-TYPE MTT
METHODS

Building on the set-type system model from Section XI and
the set-type multitarget state propagation rules from Section
XII, we will now develop a hybrid labeled/unlabeled variant
of the TOMB/P filter proposed in [51] and [113] [cf. Section
I1-B2]. This labeled/unlabeled TOMB/P filter represents the
joint state of the detected targets by a labeled RFS—more
specifically, an LMB RFS—and is thus able to maintain
track continuity, i.e., to estimate entire target trajectories.

Whereas the prediction step presented in Section XII-A
and the update step for the undetected targets presented in
Section XII-B2 preserve the LMB—Poisson model used for X,
in Section XII, the update step for the detected targets pre-
sented in Section XII-Bl converts the LMB RFS describing
the detected targets into a mixture of LMB RFSs. In order to
reobtain an LMB pdf also for the detected targets, we will use
an approximation that is similar to the one used in the deri-
vation of the JPDA filter. The marginal posterior DA pmfs
are then calculated by SPADA. As in the vector-type MTT
methods discussed in Section VII, this is key to obtaining
scalability of the resulting filter. We first consider the single-
sensor case (n, = 1) and later extend to multiple sensors. A
detailed derivation of our results and a closed-form imple-
mentation for linear-Gaussian models can be found in [51]
and [151], and a particle-based implementation for nonlinear
and non-Gaussian models is presented in [107].

A. Approximate Update Step for the Detected
Targets

According to (106) and (107), the update step for the
detected targets produces a mixture of LMB pdfs, and its
computational complexity scales exponentially with the
number | Ly, | of Bernoulli components and the number my,
of measurements. To address these issues, we approximate
the joint DA pmf p(c,) by the product of its marginals, i.e.,

p(ck>=lr£[p<c§i>> with p(cf’) = zg)mck). (113)
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Note that a similar approximation was used in the derivation
of the JPDA filter; cf. (42). Inserting (113) in (106) yields

[17OXP).
4 ' (114)

X 2 ~ Hzp@t’))f“c D) =

Here, f(l) (X( )) & 2.0 pley, ))f(l o) (X(l)) is a weighted sum
of Bernoulli pdfs, where the weights p(ck)) are normalized.
Thus (cf. Section X-B), f(l)(X(l)) is again a Bernoulli pdf.
This means that f(X g | Z,.;,) is approximated in (114) by the
product of Bernoulli pdfs fﬁl) (X ,gD), each associated with one
of the components | € £,. We conclude that the obtained
approximation of f(Xz | Z1,,,) is again an LMB pdf, i.e., the
approximate update step preserves the LMB structure.

The existence probability r{’ and spatial pdf s{¥(x)
parameterizing the Bernoulli pdf f Ox 1y are obtained as
follows. For the legacy components, i.e., [ € £;_;, where

cg) = a(kD, we have
2 re?

=
a D=0

s () = L oy 2 p(a&”)rt A sb ) (116)

(115)

%0

and for new components, i.e., | € Ly, where cg) = by,

we have

i) =p0l =0k, ) =5V ). 17)
Here, expressions of r,(gl’cg) and s )(xk) were provided
in Section XII-B1. In analogy to the JPDA filter, where the
approximation (42) ensured that the approximate poste-
rior pdf f(x;,| zy.) of the multitarget state factorizes into the
approximate posterior pdfs f(x{” | z,.3,) of the single- target
states, the similar approximation (113) ensures that f(X |

Z,.) is an LMB pdf.

It remains to calculate the marginal DA pmfs p(a(kl)),
le £,_;and p(bg)), l e L occurring in (115)-(117). The
factorization in (108) is analogous to that in (26) with {1,...,
n.}and {1,...,m, } replaced by £,_; and L%, respectively.
Hence, we can use SPADA with association weights ﬁlgl) (a(kl)),
le L£,_yand &P (b, T e L2V to calculate approximations
of p(af’) and p(b{").

After (115)-(117) have been evaluated, target declara-
tion and state estimation can be performed. LMB compo-
nent | € £, is declared to be an existing target at time k if r{)
is larger than a threshold Py,. Furthermore, for a target I that
is declared to exist, an estimate &,(J) of the state X() is calcu-
lated as in (3) with f(x, | z,.;,) replaced by sg) (x3,)-

Whereas the approximate update step discussed above
avoids the exponential scaling of complexity with | £, | and
my, it does not avoid the roughly linear increase of | L |
with time k [cf. (107)]. Therefore, a pruning step is typically
performed, which removes Bernoulli components | whose
existence probability r{) is below a predefined threshold Py
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It is mterestmg to note that the expression (110) of the
spatial pdf Sy’ (Lal?’) (x,)is analogous to the expression (41) of the
R Zl:k) in the JPDA filter.
Indeed, if the predlcted ex1stence probability of all legacy

approximate posterior pdf f (x 2 | ay

componentsl e L,,_; is Vk|k 1 =1, and thus [cf. (109) and the

discussion preceding it] r(l 4 =1 foralll € L},_; and all a()
€ {0,...,my}, and if there are no predicted undetected tar-
gets, i.e., A,L:lk_l (x4, 1) = 0, then rilz(k’m)’o) = 0in (111). This
means that the existence probability of all the new compo-
nents is zero. As a consequence, (106) is equivalent to (39),
and thus the update step of the TOMB/P filter reduces to the
update step of the JPDA filter. Furthermore, it can be shown
that if the intensity function A4,(x;,) = u,f,(x,) for newly
detected targets in the vector-type total-SPA method from
Section IX-A is set to 4, (x,) = pq(x3,) ﬂ.;:lk_l (%3, 1, = 0), then
the beliefs resulting from that method are equivalent to the
Bernoulli component pdfs f® (X{). More specifically, let
f(xg), rg)) be the belief produced by the vector-type total-SPA
method for the PT that was detected for the first time due to
measurement m at time k, i.e., j = j,_; + m. Furthermore, let
O g)) be the pdf of the Bernoulli component with label
| = (m, k) obtained by the hybrid labeled/unlabeled variant
of the TOMB/P filter. Then the existence probability r(l) and
spatial pdf sy 0 (X DY of that Bernoulli component are related
to f(xg) Eﬁ) according to rk)s )(x Dy = f(x(kj),l). While in
the vector-type total-SPA method the time step k and the
measurement index m related to the first measurement of a
PT are implicitly encoded by the order of the subvectors yﬁ’),
j = 1,...,j in the joint PT vector y,, in the hybrid labeled/
unlabeled variant of the TOMB/P filter this information is
explicitly given by the Bernoulli component label 1.

B. Multisensor Extensions

In the case of multiple sensors (n, = 2), the prediction
step discussed in Section XII-A is unchanged as it does not
involve the sensor measurements. Regarding the update
step, using Bayes’ rule, Al1), and (101), we obtain

f( Xl 214 « f(Z3] XD f (X | Z1—1)
= (szﬂlf(zk,s | Xk)) f( X Z1-0)-

Based on this expression, the update step can be per-
formed sensor-sequentially within an iterated-corrector
method. Iterated marginal posterior pdfs f(X,|Z],,) are
calculated for each sensor s = 1,...,n.. Here, f(Xk|Z§:k)
denotes the pdf of A} conditioned on Z;,,_; and on Z, , for
s’ = 1,...,s. The sth update step converts f(X, | Z}3) into
f(X,| Z1.), thereby incorporating the measurement 2
of sensor s. This recursion is initialized by f(Xk|Z ) =
f(&X,| Z1.-1)- The sth update step is equal to the single-sensor
update step discussed in Section XIII-A except for the follow-
ing differences. The input f(&),| Z1 1) of the single-sensor
update step is replaced by f (X}, | 21, 1), and the measurements
zg") m € {1,...,my} are replaced by zﬁ,s), m e {1,....,m}.
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Furthermore, for the labels of the newly detected targets to
be unique, they are now given by the triple (k,s, m).

This sequential multisensor MTT method exhibits excel-
lent performance in many scenarios; an example will be
considered in Section XIV. Due to the approximation per-
formed in each update step, the final result of the method
depends on the order in which the sensors are updated.
In certain set-type filters, such as the PHD, CPHD, and
MeMBer filters, a sensor-sequential update can lead to a
poorer performance than in the single-sensor case [112],
[153]. In the method discussed above, because of the dif-
ferent approximation employed, the influence of the sensor
order on performance is significantly less strong. We note
that “parallel” set-type multisensor MTT methods that per-
form the update steps for all sensors simultaneously have
been proposed recently [104], [105]. However, these meth-
ods do not exploit the independence of the measurements of
different sensors [cf. A10)] and hence do not scale well with
the number of sensors.

XI1V. PERFORMANCE EVALUATION

In this section, we present simulation and real-data experi-
ments in order to demonstrate the performance of SPA-
based MTT methods and compare it with that of other
MTT methods.

A. Simulation Results

We consideraregion ofinterest (ROI) given by [-3000 m,
3000m] X [-3000m, 3000m], with up to five targets.
The target states Comprise 2-D position and velocity, i.e.,

x) = [l xf 2} 1Gh)T

the near-constant-velocity motion model [154, Sec. 6.3.2]

, and they evolve according to

such that the target trajectories tend to intersect at the
ROI center. The sensors are placed uniformly on a circle of
radius 3000 m about the ROI center. The ROI with the sen-
sor positions (for n; = 3 sensors) and an example realiza-
tion of the target trajectories is shown in [53, Fig. 4]. The
sensors perform range and bearing measurements within a
measurement range of 6000 m. The mean number of clut-
ter measurements is 4’ = 2. The clutter pdf f{ (S)(Z(S) ) is
uniform on [0m, 6000m] with respect to the range com-
ponent and uniform on [0°,360°) with respect to the angle
component.

We present simulation results for the following SPA-
based multisensor MTT methods: the sequential and paral-
lel SPADA-embedded multisensor JPDA methods described
in Section VII-C (abbreviated10 “JPDA-SPA”), the sequen-
tial and parallel multisensor total-SPA methods described
in Section IX-B (abbreviated “Total-SPA-S” and “Total-
SPA-P,” respectively), and the SPADA-embedded sequen-
tial multisensor TOMB/P filter described in Section XIII-B

OWe do not distinguish between the sequential and parallel multi-
sensor JPDA methods because they exhibited identical performance.
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(abbreviated “TOMB/P-SPA”). These SPA-based methods
are compared with the iterated-corrector PHD filter [3],
[101], [112] (“IC-PHD?”), the iterated-corrector CPHD filter
[3], [102], [112] (“IC-CPHD?”), the partition-based multisen-
sor PHD filter [104] (“MS-PHD”), and the partition-based
multisensor CPHD filter [104] (“MS-CPHD”). Particle
implementations are used for all filters.

The simulation parameters are as follows. For methods
that model the number of targets as unknown, the birth pdf
fi, (x3,) is uniform on the ROI, the number of newborn targets
is Poisson distributed with mean g, = 1072, and the survival
probability is py(x;,) = p, = 0.999. The threshold for target
declaration is P, = 0.5. The SPA-based methods perform
n, = 20 message passing iterations. In Total-SPA-S, we
choose the intensity function for newly detected targets as
29 (x) = p§ (x) y i, (x,) for all sensors s. (Note that x&) =
S8 (x) dx and £, (x) = A8 (3)/ u$.) In Total-SPA-P, we
set 28 (x) = p{ () 1 fy () and AL () = O for s = 2,...,
n,. In TOMB/P-SPA, the mean number of targets at time
k=0isu,=0 [cf. S9)]. In TOMB/P-SPA, Total-SPA-P, and
Total-SPA-S, the pruning threshold is Ppr = 107". For track
management in JPDA-SPA, we perform gating with a gate
threshold of 18.4, we use the m-of-n heuristic [1] with m = 4
and n = 6 across time and sensors for track initialization,
and we terminate a track if for six consecutive update steps
no measurement falls into the gate of the respective target.
The maximum numbers of subsets and partitions used by
MS-PHD and MS-CPHD are 120 and 720, respectively, simi-
larly to [104]. We performed 400 simulation runs, each with
150 time steps k. New target trajectories were generated in
each simulation run. Further details of the simulation setup
and parameters (e.g., the number of particles used by the
various filters) are provided in [53].

We measure the performance of the various MTT
methods by the Euclidean distance based optimal subpat-
tern assignment (OSPA) metric with cutoff parameter 200
[155]. (We recall that complementary performance results
assessing DA accuracy were presented in Section VI-C.)
For ny = 3 sensors and a detection probability of pé” (x,(P)
= pq = 0.8, Fig. 5 shows the mean OSPA (MOSPA) error—
averaged over 400 simulation runs—of all methods versus
time k. One can see that for all methods, the error peaks at
times k = 5, 10, 15, 20, and 25, i.e., when there are target
births. However, very soon after each target birth, all meth-
ods except IC-PHD reliably estimate the number of targets.
The performance of TOMB/P-SPA, Total-SPA-S, and Total-
SPA-P is seen to be almost identical. The performance of
JPDA-SPA is inferior to that of the other SPA-based meth-
ods immediately after target births; this can be explained
by the fact that JPDA-SPA uses a heuristic to initialize
new targets. Otherwise, JPDA-SPA performs like the other
SPA-based methods. The SPA-based methods are seen to
outperform all the other simulated methods. In particular,
IC-CPHD, MS-PHD, and MS-CPHD perform worse than
the SPA-based methods because particle implementations of
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Fig. 5. MOSPA error versus time k for n, = 3 and p; = 0.8. (The
curves for Total-SPA-S and TOMB/P-SPA coincide.)

(C)PHD filters involve a potentially unreliable cluster-
ing step. This clustering step is especially unreliable when
targets are closely spaced, which occurs in our simulation
around time k = 100, i.e., when the five target trajectories
intersect in the ROI center. In fact, the MOSPA error of
IC-CPHD, MS-PHD, and MS-CPHD is seen to be higher
around that time. Finally, IC-PHD performs significantly
worse than all the other filters because it is unable to reliably
estimate the number of targets in the simulated scenario.
We note that simulation results for a significantly larger sce-
nario with closely spaced targets are presented in [53].

The average computation time per time step k for a
MATLAB implementation on a single core of an Intel Xeon
E5-2640 v3 CPU was measured as 0.03 s for JPDA-SPA;
0.08 s for Total-SPA-S, Total-SPA-P, and TOMB/P-SPA; 0.11 s
for IC-PHD; 0.14 s for IC-CPHD; 13.21 s for MS-PHD; and
13.82 s for MS-CPHD. We note that JPDA-SPA used gating
whereas the other filters did not. The high computation times
of the MS-PHD and MS-CPHD filters are due to the fact that
the trellis algorithm used for partition extraction is tailored to
a Gaussian mixture implementation and becomes computa-
tionally intensive in a particle-based implementation. Further
results demonstrating the excellent scalability of the SPA-
based methods are reported in [52], [53], and [147].

Finally, for detection probability py = 0.6, Fig. 6 shows
the time-averaged MOSPA error—i.e., averaged over all
150 simulated time steps—versus the number of sensors n.
JPDA-SPA performs worse than TOMB/P-SPA, Total-SPA-S,
and Total-SPA-P, due to its heuristic track initialization.
Total-SPA-P performs worse than Total-SPA-S and TOMB/
P-SPA, because it does not implement sensor fusion for new
PTs. The increase of the time-averaged MOSPA error of
MS-PHD and MS-CPHD for n, > 5 is due to the fact that the
chosen maximum numbers of subsets (120) and partitions
(720) are too small for that case; however, larger maximum
numbers would lead to excessive simulation times.
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Fig. 6. Time-averaged MOSPA error versus number of sensors
n, for py = 0. 6. (The curves for Total-SPA-S and TOMB/P-SPA
coincide.)

B. Results for a Radar Tracking Experiment

For further validation of the SPA-based MTT meth-
ods, we use real measurements that were acquired by two
high-frequency surface-wave (HFSW) radars for maritime
surveillance [156], [157]. HFSW radars feature over-the-
horizon coverage and a continuous-time mode of opera-
tion. On the other hand, they suffer from poor range and
azimuth resolution, high nonlinearity, and strong clutter;
these effects make MTT a challenging task [156], [157].
The two radar stations are located close to the cities of Pisa
and La Spezia in Italy. The ROI is the intersection of the
fields-of-view of the two radar stations. All vessels in the
ROI are considered as targets. Ground truth information
about the target positions is reported by the automatic
identification system (AIS). However, this information is
incomplete since AIS reports do not include vessels below
a certain gross tonnage and military vessels. The overall
tracking scenario is shown in Fig. 7. At each of the two
radar sensors, measurements are available every 33.28 s.

We processed the real measurements provided by the
two sensors by the same MTT methods as in the previous
subsection. Target motion is modeled by the near-constant-
velocity model with driving process variance 0.01 m?/s*.
We use a range-bearing measurement model involving a
Gaussian measurement noise vector with covariance matrix
diag{(150m)2, (1.5°)2}. The probability of detection is p§’
(x§?) = p4 = 0.65 for both sensors. The clutter pdf f& (z(ktrs'))
is chosen uniform on the ROI, and the mean number of
clutter measurements is ,uc(s) = 15. For methods that model
the number of targets as unknown, the birth pdf f; (x;) is
uniform on the ROI, the number of newborn targets is
Poisson distributed with mean g, = 107, and the survival
probability is p,(x,) = ps = 0.999. The threshold for target
declaration is Py, = 0.5. Track management in JPDA-SPA is
as described earlier, except that the gate threshold is 9 and
tracks are terminated if for six consecutive update steps less

Passing Algorithms for Scalable Multitarget Tracking

50 -
100 -5 —50

1 [km]

Fig. 7. Three hours of measurements acquired by two HFSW radar
stations on the west coast of Italy. The positions of radar stations
#1 (near Pisa) and #2 (near La Spezia) are indicated by a green and
a blue square, respectively. The corresponding measurements are
indicated by green and blue dots, respectively. AIS ground truth
information is indicated by black lines.

than two measurements fall into the gate of the respective
target. The (C)PHD-type filters use 45000 particles to rep-
resent the PHD of the target states. JPDA-SPA, TOMB/P-
SPA, Total-SPA-S, and Total-SPA-P use 3000 particles for
each target. In TOMB/P-SPA, the mean number of targets
at time k = 0 is #, = 5, and the spatial pdf f, (xp) is uni-
form on the ROI. In TOMB/P-SPA, Total-SPA-S, and Total-
SPA-P, after each single-sensor update step, targets with
existence probability smaller than P, = 1073 are removed.
All remaining parameters are as in Section XIV-A.

Table 1 shows the time-on-target (TOT) and the false
alarm rate (FAR) [1] obtained with the various methods
for 24 h of measurement data. TOT is the fraction of time
that the target is successfully detected, which is considered
to be true if the estimated target position is within 500 m
of the true target position. FAR is the number of false tra-
jectories (or false detections) generated in the surveillance
region per unit of 2-D space and unit of time. Ideally, the
TOT would be one and the FAR would be zero. It can be
seen in Table 1 that the SPA-based methods achieve an
attractive TOT-FAR compromise. In particular, the TOT of
Total-SPA-S, Total-SPA-P, and TOMB/P-SPA is very similar,
and larger than that of the other filters. The smaller TOT
of JPDA-SPA-S and JPDA-SPA-P (the sequential and paral-
lel multisensor extensions of JPDA-SPA discussed in Section
VII-C) can be explained by the heuristic that is used to ini-
tialize new targets. The relatively high TOT of MS-PHD and
MS-CPHD is seen to come at the cost of an increased FAR,
while Total-SPA-S, Total-SPA-P, and TOMB/P-SPA achieve
both a high TOT and a rather low FAR. We caution that the
FAR reported in Table 1 is pessimistic in that the AIS ground
truth information is incomplete and thus measurements
that are generated by targets without ground truth informa-
tion and detected by a tracking algorithm are considered as
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Table 1 Time-on-Target (TOT) and False Alarm Rate (FAR)

TOT [%) FAR [s~'km™?]

IC-PHD 60.8 1.588 - 1075
MS-PHD 71.9 2.041-107°
IC-CPHD 68.9 1.933-107°
MS-CPHD 73.2 2.120-107°
JPDA-SPA-S 67.7 1.518-10~°
JPDA-SPA-P 68.1 1.572-107°
Total-SPA-S 75.5 1.883-107°
Total-SPA-P 75.0 1.663 - 1075
TOMB/P-SPA 75.6 1.688 - 1075

false alarms. In this light, the relatively low FAR of IC-PHD,
JPDA-SPA-S, and JPDA-SPA-P can be partly attributed to
the fact that these methods, as evidenced by their low TOT,
are unable to track some targets that do not provide AIS
information (and that would thus contribute to the FAR if
successfully tracked).

XV. CONCLUSION

Multitarget tracking (MTT) is an important contribution
to acquiring and maintaining an awareness of the environ-
ment. Although measurement origin uncertainty makes
MTT a complicated and challenging task, large-scale
scenarios and real-time operation on resource-limited
devices call for MTT methods whose complexity is mod-
erate and scales well with the number of targets, sensors,
and measurements. In this tutorial paper, we showed that
the development of high-performance MTT methods with
moderate complexity and excellent scalability can be based
on the recently emerged paradigm of factor graphs and
message passing using the sum—product algorithm (SPA).
We presented SPA-based Bayesian MTT methods within
both a random vector framework and a random finite set
framework. A core component of these methods, and a

efficient SPA-based algorithm for probabilistic data asso-
ciation. We discussed the integration of SPA-based prob-
abilistic data association into existing MTT methods and
showed that certain existing methods can be reformulated
within the SPA framework. We also presented new vector-
type and set-type MTT methods in which the SPA is used
either for probabilistic data association or for the entire
MTT problem.

The SPA approach to designing MTT methods has
important advantages regarding scalability, accuracy, com-
plexity, versatility, and intuitiveness. While rooted in the
framework of optimum Bayesian inference, the SPA-based
approach easily accommodates different system models and
application-related aspects. In particular, it is suited to gen-
eral nonlinear, non-Gaussian, and time-varying scenarios.
The factor graph formulation of the MTT system model
combined with the principle of stretching factor nodes
introduces a beneficial intuitiveness and flexibility into
the SPA-based design of MTT methods. Finally, SPA-based
MTT methods are able to cope with unknown and time-var-
ying hyperparameters, such as detection probabilities [54]
and motion model parameters [158]. Using both simulated
and real measurements, we demonstrated the excellent per-
formance and low complexity of the presented SPA-based
MTT methods.

The beliefs obtained by the loopy SPA can be overconfi-
dent in that their spread underestimates the uncertainty of
the estimates [144]. This can be a limitation in certain appli-
cations, e.g., [159]. A variational message passing approach
that performs iterative data association across multiple sen-
sors and/or time steps and avoids overconfident beliefs will
be proposed in forthcoming work [144].

Possible directions of future research include an exten-
sion of the network localization and navigation (NLN)
paradigm [160]-[164] to noncollaborative objects; a com-
bination of MTT with resource allocation, sensor selec-
tion, and control [165]-[172]; network experimentation
[173]-[175] with noncollaborative objects; network locali-
zation systems [176]-[178] for MTT; and distributed SPA-
based MTT methods for decentralized wireless sensor

major reason for their scalability, is a highly effective and
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